UNIVERSIDAD TECNICA FEDERICO SANTA MARIA
DEPARTAMENTO DE INGENIERIA MECANICA
VALPARAISO, CHILE

{IN}

E,EXUMBRAH SOLEM h

COMPARACION DE FORMULACIONES DE
LA ECUACION DE POISSON-BOLTZMANN
APLICANDO EL METODO DE ELEMENTOS
DE FRONTERA

STEFAN DAVID SEARCH TOLOZA

MEMORIA DE TITULACION PARA OPTAR AL TITULO DE
INGENIERO CIVIL MECANICO

Profesor Guia: PhD Christopher Cooper Villagran

Profesor Correferente: PhD Elwin van’t Wout

Marzo - 2021



Acknowledgements

Firstly, I would like to thank my family whom have always encouraged
me to explore how day to day objects work and function. From mending
our garden machinery to pottering around around at the factory, the place
in which I got my first taste of industrial machinery. For having always
provided me with everything I have needed for my education and to get to
this point in life.

To all the friends I have made during the last 7 years, the good times
we’ve had and the many things we’ve done. The times spent talking in the
”Salita”, swimming in the pool at uni, relaxing in the "Patio del Canén”,
or going to eat and drink. These were much needed times of relaxation,
reflection and to let off a bit of steam.

To those who have been close to me over this last year, through what
have been strange and uncertain times, you have encouraged me and helped
me to keep focused. For always being there to message if I needed something
or to video chat just to talk and relax a bit.

Thank you to Prof. Christopher Cooper who has helped me complete
this thesis, encouraging me with his research ideas and his vision to connect
different lines of his student’s investigation into a larger collective. For
always having his door open to talk about this work and other broader
points of academia. Thank you to Prof. Elwin van’t Wout who showed
great interest in my work, providing me with very useful information and
comments that helped me greatly.

Finally, to the university staff, for the help over these years, and to
the campus ”Casa Central”, with its green spaces, beautiful buildings and
spectacular view, having been my home away from home and a place I will

miss dearly.



Abstract

Electrostatic biomolecular interactions are an important area of study
to help understand many biological processes. The use of an implicit solvent
model can be used to simulate different situations. In this work the Poisson-
Boltzmann implicit solvent model was used to calculate the solvation energy
of different biomolecules.

The Poisson-Boltzmann model can be solved via application of the
Boundary Element Method (BEM). Various formulations can be derived,
such as the direct and Juffer formulations. Preconditioners can also be
applied to these formulations in order to improve the conditioning of the
resulting system. The objective of this study was to compare, from a com-
putational point of view, the use of different formulations and precondi-
tioners in the calculation of solvation energy.

Using the Poisson-Boltzmann model and applying BEM, different for-
mulations were derived, including a generalisation of Juffer, this was given
the name alpha-beta. Calculations of the solvation energy for different
biomolecules were performed with various combinations of preconditioner,
formulation and discrete form. Several parameters were compared includ-
ing total time, memory usage, GMRES time and GMRES iterations.

The results showed that in the case of the 1BPI protein the best com-
bination was weak form discretisation & = 1 / § = 1 with block diagonal
preconditioning. Calderén preconditioning performed very well in some
cases, lowering greatly the iterations required, however, the total time was
never the lowest. It was also seen that there appeared to be a dependency
between the molecule size and the formulation with the overall lowest total
time. This was seen in both simplified spheres and to a point using real
life molecules. Further research is required to understand this relation and
possibly find a rule to aid in the selection of the combination to be used

given a particular biomolecule, in order to obtain the lowest total time.
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Resumen

Las interacciones biomoleculares electrostaticas son un area de estu-
dio importante, lo cual ayuda a comprender muchos procesos bioldgicos.
Se puede utilizar un modelo de solvente implicito para simular diferentes
situaciones. En este trabajo se utilizé el modelo de solvente implicito de
Poisson-Boltzmann para calcular la energia de solvataciéon de diferentes
biomoléculas.

El modelo de Poisson-Boltzmann se puede resolver mediante la apli-
caci6én del método de elementos de frontera (BEM por sus siglas en inglés).
Se puede derivar varias formulaciones, tales como la formulacién directa y
Juffer. También se puede aplicar precondicionadores a estas formulaciones
para mejorar el acondicionamiento del sistema resultante. El objetivo de
este estudio fue comparar, desde un punto de vista computacional, el uso
de diferentes formulaciones y precondicionadores en el calculo de la energia
de solvatacion.

Usando el modelo de Poisson-Boltzmann y aplicando el método de ele-
mentos de frontera, se derivaron diferentes formulaciones, incluyendo una
generalizacion de Juffer, a esto se le dio el nombre de alfa-beta. Los célcu-
los de la energia de solvatacién para diferentes biomoléculas se realizaron
con varias combinaciones de precondicionador, formulaciéon y forma disc-
reta. Se compararon varios parametros, incluido el tiempo total, el uso de
memoria, el tiempo de GMRES y las iteraciones de GMRES.

Los resultados mostraron que en el caso de la proteina 1BPI la mejor
combinacién fue la discretizacién de forma débil « =1 / f = 1 con pre-
condicionamiento “Block-Diagonal”. El precondicionamiento de Calderén
funcion6 muy bien en algunos casos, reduciendo en gran medida las it-
eraciones requeridas, sin embargo, el tiempo total nunca fue el mas bajo.
También se vio que parecia haber una dependencia entre el tamano de la
molécula y la formulaciéon con el tiempo total mas bajo. Esto se vio tanto
en esferas simplificadas como en el uso de moléculas reales. Se requiere

mas investigaciéon para comprender esta relacion, y posiblemente encontrar
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una regla que ayude en la seleccion de la combinacion a utilizar dada una

biomolécula en particular, con el fin de obtener el tiempo total més bajo.
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1 Introduction

The interactions between biomolecules is an important area of study, given that
these govern many phenomenons in the biological world. There are different
elements that play a role in these interactions, a major one of these being elec-
trostatics. These processes often occur in an environment containing a mixture
of water and salt.

There is a variety of ways to computationally analyse these systems, each
with there own advantages and disadvantages. One of the most exact methods is
using molecular dynamics (MD), were by each of the molecules of water is treated
explicitly. This can be useful in some applications but can take prohibitively long
depending on the problem to resolve. If knowledge of the dynamics of the system
is not required and the parameter of study is at equilibrium, then a more rapid
alternative can be the use of continuum electrostatics, with an implicit solvent
model applied to describe the aqueous region.

A well known implicit solvent model is the Poisson-Boltzmann model, which
couples the Poisson and Poisson-Boltzmann equations. This model is widely used
with a variety of different software packages that come with incorporated solvers.
It can be resolved utilising both volumetric and boundary methods, each having
there own advantages and disadvantages. In this work we focused on its resolution
using boundary integral methods. Having transformed the problem into a bound-
ary integral problem one can then use the boundary element method (BEM) to
solve the problem numerically. Different BEM formulations have been proposed
previously, however the most known and investigated are the Direct formulation
shown by Yoon and Lenhoff [1], and the Juffer formulation proposed by Juffer
and coworkers. [2].

It can noted that the Juffer formulation appears to be mathematically similar
in form to some problems solved in the field of acoustics. In this field more

generalised formulations exist, so part of this work focused on seeing if these



ideas could be applied to electrostatics. Another idea, inspired from acoustics,
is the proposed use of Calderén preconditioning. This did not appear to have
been tried for the case of electrostatics so part of this work was to test this type
of preconditioning. There has also been published a preconditioning technique
for the direct formulation but information about its use with Juffer could not be
found. What was clear was that there exists various different formulations and
preconditioning methods, however these had not been tested or studied together
under the same circumstances.

The main objective of this work was to compare these different formulations
and preconditioning techniques in order to understand which is best, based on a
series of different parameters such as computational time and GMRES iterations
required. This was done by implementing the different formulations and precon-
ditioners using a the open-source software bempp-cl [3], which allows for quick
and easy implementation of the different formulations.

The specific goals of this work were:

o To study the mathematical model that describes the electrostatic interac-

tions between molecules and an ionic solution.

» To apply the boundary element method (BEM) to the case of electrostatics

in biomolecules.

o To carry out an analysis to compare the different formulations using factors
such as calculation time, iterations necessary to solve the system of equations

and required computational memory.

o Define the optimal formulation for the calculation of the solvation energy of

different biomolecules.



2 Theory

2.1 Implicit Solvent Model
2.1.1 Background

Solvent models are used to make simulations and thermodynamic calculations
of reactions and processes which occur in solution. These models can either be
explicit or implicit. In the first case, each molecule of the solvent is treated
explicitly, taking into account the position and degrees of freedom of each. On the
other hand, implicit models treat the solvent as a continuous medium surrounding
the solute. Each has their advantages and disadvantages, explicit models are able
to reproduce some phenomena not possible with implicit models, however they

require far more computational resources.

2.1.2  Poisson-Boltzmann Implicit Solvent Model

A well known and widely used implicit solvent model in biomolecular systems
is the Poisson-Boltzmann model, which separates the problem into two distinct
domains, the solute and the solvent. Continuum electrostatic theory in a dielectric
medium and a distribution of single point charges in a dielectric medium, are
used to represent the solvent and solute regions, respectively. In biomolecular
systems the solvent is normally considered to be a solution of water and salt,
with a particular concentration, whereas the solute is a protein or some other
biomolecule.

The interface between these domains can be defined in different ways. First
there is the Van der Waals surface, which considers the solute region to be anything
within the Van der Waals radius of each atom. Next, there is the solvent accessible
surface (SAS), which is formed by tracing the centre of a spherical probe the size
of a water molecule (1.4 A), as it rolls around the solute defined by the Van
der Waals surface. Finally there is the solvent excluded surface (SES), which



represents the closest a water molecule can get to the solute. This is formed by
tracing the inner edge of the same spherical probe as used to form the SAS. The
model in this work considered the SES as the boundary between the domains.

The following figure (m) shows a representation of the different surfaces.

probe sphere

2 probe sphere

e

(a) van de Waals surface (b) Solvent-accessible surface (c) Solvent-excluded surface

Figure 1: Different surface definitions [4]

In the case of the solute, we know that the electrostatic potential can be

described by the macroscopic Poisson equation of electrostatics,

Vi =L (1)

€
where ¢ is the electrostatic potential, p is the charge density distribution and e
is the permittivity of the domain. As the solute is represented by a distribution of

point charges, the charge density distribution can be described with the following:

p=qd(r') = qu5(7’, k), (2)
k

where N is the total number of atoms, ¢ is the charge associated to atom k,
0 is the Dirac delta function, r is position of evaluation and 7 the position of the

atom k. Replacing this in equation @) we obtain

N

Vip=-Y q—:5<r, ). (3)

k

In the case of the solvent, for most biomolecular systems this consists of water



and salt. The salt when dissolved in the solution produces ions that contribute to
the electric field and which are free to move. When an electric field is applied the
spatial distribution of the salt ions will be changed, this means that the charge
density distribution will be dependent on the electrostatic potential (p = p(¢)).
There has been previous analysis of this type of system (Hill, An introduction to
statistical thermodynamics [5]), here follows a brief outline of the result of this
analysis.

Assuming that the ions are hard spheres and the solvent has no molecular be-
haviour, we can describe the distribution of salt ions using the radial distribution
function. Substituting the charge density distribution in the Poisson equation @)

we obtain

—¢q;

0 1 N 1 N
Vo= L= =3 qelr) =~ D qcoe™ @

where N, is the number of species of ions, ¢; and ¢y are the charge and
mean number density of ion species ¢, kg is the Boltzmann constant, and T is
the absolute temperature of the solvent. Salt (sodium chloride) when dissolved
produces two types of ions, the chlorine ion with charge e~ and the sodium ion
with charge e*. Assuming that they have the same mean number of density,

equation (@) becomes

+ —get et 2 + +
Vi = _¢ o |:6 BT _ e’fBT} _ ZMo¢ sinh ((]iLT) . (5)
€ € b

For cases where ¢pg << kgT the first order approximation of the exponential

is



Thus, the linearised version of equation (@) reads

V3¢ = e in =K 7
_EI{JBT : OzQZ_H¢7 ()
V24 — k2 = 0. (8)

This is known as the linearised Poisson-Boltzmann equation. Here x is the
inverse of the Debye length, which in the case of salt, as mentioned above, corre-

sponds to

2 2n06+

o o (9)

It has units of L~! and in this application is commonly expressed in Angstroms
A. We also have ¢, which is the electrostatic potential and has units of M L2731

and is commonly measured in volts.

Figure 2: Depiction of dissolved protein. [4]

Figure (E) shows a dissolved protein, with the solute region (€2;) and the
solvent region (£23) separated by the boundary (T'). The dots in the protein region
portray the point charges at the location of the atoms. The solute domain has a

permittivity of €; and the electrostatic potential is represented by ¢,. Meanwhile,



the solvent region has a permittivity of €5, an inverse Debye length of x and the
electrostatic potential is represented by ¢,.

At the interface between the two domains suitable boundary conditions must
be applied. We know from electrostatic theory that both the electrostatic po-
tential (¢) and normal electric displacement (¢52) must be continuous across the

boundary. Taking the equations for each region presented above and adding these

boundary conditions, we obtain the following system of equations:

V2¢1 = _Zk Z—If(S(T, Tk) in Ql,

V2 — k2P =0 in €,
(10)

o1 = P2 on I,

\61% = 62% on I'.

The coupling of these two equations is of much interest in the biophysics com-
munity and there are many widely used software packages available for perform-
ing calculations. The equation system can be solved numerically using volumetric
methods, such as finite elements or finite difference, which is the most popular
method and for which there exists many software packages. This work, however,
utilised boundary integral methods, which have also been successfully used for
this application, shown in work by Yoon and Lenhoff [[] and also by Juffer and
coworkers [2]. Software packages that include solvers based on these formulations

include PyGBe [6] and TABI [7].

2.2 Solvation Energy

The solvation energy is a parameter of interest in biomolecular systems and can
be calculated from the electrostatic potential. In the case of one dissolved protein,

it corresponds to the difference in energy between the protein in a vacuum and



the protein in a dissolved state. It can be calculated as

1
Esolv = / p¢reac Z qk¢reac .Tk (1 1)

where by ¢reac is the reaction potential and p is the charge density. In the case
of the implicit solvent model, the charge distribution is represented with point
charges and so the integral becomes a sum, with /V, being the number of point
charges that make up the protein and ¢, the charge of each point charge k. The

reaction potential is given by

Qbreac = ¢tota1 - ¢Cou17 (12)

where ¢cou is the Coulomb potential and ¢ is the total potential.

2.3 QGreen’s Function

A Green’s function is a useful technique for the resolution of differential equa-
tions, including ordinary differential equations with initial values or boundary
value conditions, or inhomogeneous partial differential equations with boundary

conditions. A Green’s function is defined as

LG(z,y) =0(z —y), (13)

where £ is an arbitrary linear differential operator and §(z — y) is the Dirac
delta function. x and y are both points in the space. As an example, the three-

dimensional Green’s function for the Laplace equation is

1

Gr(z,y) = P — (14)



2.4 Boundary Element Method (BEM)

The boundary element method (BEM) is a numerical method used for solving
linear PDEs. It involves converting the system to the form of a boundary integral
equations (BIE), so can only be used in cases when this is possible, that is, the
Green’s function of the PDE must be known. BEM has many advantages over
finite element methods (FEM), particuly because only the boundary must be
discretised, and not the entire domain. This means that BEM can be used to easily
treat problems where the exterior domain is unbounded, and also has the added
advantage that the mesh is of smaller size. The disadvantage of BEM, however, is
that knowledge of the Green’s function for the PDE is required, something that
is not the case for FEM.

2.4.1 Laplace Example

The Poisson equation governs many phenomena in the physical world and can be
solved through the application of BEM. Making the simplification whereby the
function on the right hand side is zero, it becomes the Laplace equation (@),
which is also solvable with the application of BEM. Taking the case of an interior

Laplace problem in the domain 27, surrounded by the boundary I', we have

Vig=0 inQ . (15)

Taking this equation and multiplying by an arbitrary function (w), we obtain

w (V?¢) = 0. (16)

The two following equations are vector derivative identities:

V- (WVe) = (Vw) - (Vo) + (wV?¢) (17)



V- (¢Vw) = (Vw) - (Vo) + (¢V7w). (18)

Subtracting equation (@) from (@) gives

V- (wVe¢ — ¢Vw) = wV?¢ — ¢V3w. (19)

Divergence theorem states that

/(V-F)dQ:/F-dI‘. (20)
Q r
Applying this to equation (), and knowing that V¢ = 0 we obtain
/ (—oV?w) dQ = / (wV¢ — ¢pVw) - dr, (21)
Q r
/ (Vo) - dT' — / (6Vw) - dT' — / (6V2w) d2 = 0. (22)
r r Q

If we apply a Green’s function to resolve the volume integral. This is done by

making the arbitrary function w the corresponding Green’s function, giving

/F(G(x,y)ng) -dr—/r(gbvc;(x,y))-dr—/ﬂ(gbv?c;(:c,y)) dQY=0. (23)

As V2 is a linear differential operator we know that V2G(z,y) = 6(x,y). This

can be substituted, yielding

/F (G(r.y)V) - dT — / (6VG(x.y)) - dT — / (@8(x.y)d2 =0,  (24)

/FaG(:E’y)cb(y)dF(y)—/G(fv,y)ag—g)dﬂyﬂcﬁ(m) =0. (25)

on I

10



The Green’s function for use in this case depends on the number of dimensions.

For two dimensions it is

1

and in the case of three dimensions it reads

1

Glz,y) = Il =y

(27)

In the case that x is equal to y there is a singularity and this must be taken into
account and treated. In three dimensions, assuming that the boundary is smooth,
this can be done by placing a semi-sphere around the point of the singularity and

taking the limit when the radius tends to zero, shown as follows:

/FWM ) = 15%/ <473€2> Aly)dl = liny (Zid)@)) =

[t [ (1) S (5220 o o

Taking these results and substituting into the previous equation we end up

with

%+£%¢(y)dF:£G(x,y)ag—?df- (30)

After obtaining the results on the boundary, to be able to calculate the internal

values one must apply the following equation:

b = [ Gle.)*5War — [ FELD gippar, 31

11



which does not have treatment for singularities as these do not exist.

2.4.2 Trace, Potential and Boundary Operators

Operators can be used to simplify the notation and here follows the definition of
these operators.

Taking the interior bounded domain Q= C R?® and the unbounded external
domain 7, separated by the smooth interface I', we define the Dirichlet and

Neumann traces operators as follows:

1o f(x) = Qﬂilim f(y) forx €T, (32)
SY—x

vaf(z) = JAm YV (y) - i) for v € T. (33)
SY—x

It is important to note that both the interior and exterior Neumann traces v
are based on the outward facing normal n. From these traces we can also define
the Cauchy trace as v+ = hﬁ ﬁf,]T which can be used to shorten and simplify
notation.

As we know the Green’s function can be used to solve differential equations,
and that of the Laplace equation is given in equation (@) With this we can define
the potential integral operators V and IC, which are known as the single-layer and

double-layer potential operator, respectively:

Vosl(z) = / G, y)y)dT(y) forzeQ*  (34)
Kov)(z) = /F%fy’f)u(y)df(y) for z € QF, (35)

where 1 and v are arbitrary potential functions and G, (x,y) is the Green’s

function. The sub-index n is used to define the Green’s function, as this depends

12



on the particular problem. These operators map from functions on the interface
to the volume.
We can also define the boundary integral operators, which map from a function

on the interface to another function also on the interface:

Varl(e) = [ Gl ) o) forael,  (36)
(Kv](z) = FM (y)dT(y) forzel,  (37)
e dr'(y) forzel,  (38)
(D] (z) = — an(m) F(%;n(( ; Y) (g (y) forzel. (39

These are known as the single-layer, double-layer, adjoint double-layer and
hypersingular boundary operators, respectively. Again the sub-index n indicates

the Green’s function used.

2.4.3 Calderén Operator and Projector

The Calderén, or multitrace, operator is a blocked operator made up of 4 operators

used in BEM formulations. We define it as

A, = ) (40)

where by V,,, K,,, T,, and D,, are the single-layer, double-layer, adjoint double-

layer and hypersingular boundary operators, respectively, as defined in section

(24.2)

The Calderén projector is a pseudo-differential operator. It can be expressed

13



as

1
. A+ K,  FV, 1
D, iIFT,
The sign to be chosen depends on whether is is the interior (—) or exterior

(4) problem. It can be shown that

(CHy? =0t and (CH)Y=C, (42)
also
A2l (43)
4 7
and
~-K V| |-K V K*+VD VT —KV 10
= = : (44)
D T||D T TD—-KD T*+ DV 0 31

These identities make both the Calderén projector and operator very useful for
preconditioning of some BEM systems and were tested for some of the formulations

in this work.

2.4.4 Laplace Example Utilising Operators

The trace, potential and boundary integral operators can be used to simplify the
notation of the BEM formulation. This will be presented with an example using
the Laplace equation. Recalling equation (@) from the previous example, this can
be expressed using the single layer and double layer potential integral operators,

that is,

14



¢(x) = V(p(g(2))) = K(v(o(2))). (45)

This is known as the representation formula, where the potentials v and u are

given by the jumps across the boundary, these are,

v(y) =1p0 — 159 and 1(y) = Yvd — TN ¢- (46)

The boundary integral operators can be related to the traces of the potential

integral operators with the following jump relations:

Vie=7p(Vi) =v5V), (47)
Kv =~,(Kv) + %u =~} (Kv) — %u, (48)
Tu=vv(Vn) - %u = wVu) + %u, (49)
Dv = —yy(Kv) = =7y (Kv). (50)

As can be seen not all of the traces of the potential integral operators are con-
tinuous across the boundary, that is they differ between the interior and exterior
domains.

Taking the interior Dirichlet trace of the representation formula gives

o) = (V1) = 1p(KW)),

15



ox) =Vp—Kv+ %V. (51)

As this is the case of an internal Laplace problem, the exterior potential is
assumed to be zero. Given this the potentials, as defined in equation (@), are

v =7p5¢ and p = yy¢ which we can substitute this into (EI), obtaining

d¢(z)
on

8(e) = VESL) — Ko(e) + So(a) 52)

This can be extended to the exterior case, and also to include the Neumann

trace, giving

V5o —pK V| |v
_ . (53)

Wwe| |k Y| |k
This is known as the Calderdn system. Separating into two cases, one with the

interior trace and the other the exterior trace, plus substituting in the boundary

operators, we obtain

Yp® %[ - K Vv v
= , (54)
Tno D SI+T| |p
7$¢> —%I — K |4 v
= . (55)
+ 1
NP D — I +T| |p

The discontinuities across the boundary, seen in equations (@ - @), are present

here in the form of the identity operator /. Utilising the Calderén operator A,

16



defined in section (), it is possible to simplify the notation,

’%(b 1 v
= <:F§I + A) ) (56)

Ta o [

2.5 Discretisation

The continuous operators described above must first be discretised, in order for
the problem to be solved numerically. The use of BEM means that only a surface
mesh is required and this is generally made up of flat triangular panels.

With the space discretised the values of the variables to be calculated, in this
case the potential ¢ and its normal derivative g—i, can be represented utilising

constant values across each element, or continuous or discontinuous polynomials

of a certain order. These are called the function spaces.

17



3 Methodology

The biomolecular system studied in this work was that of a single biomolecule
dissolved in a saline solvent, as depicted in figure a This simplified system only
contains two regions, that of the solute and the other containing the solvent.
Because of this, notation changes can be made for simplification and easier un-
derstanding. The domain in the interior of the protein will be referred to as the
interior domain (—,int), and that of the solvent as the exterior domain (4, ext).

This is shown in the revised figure of the problem shown bellow:

Q+7 €ext ¢e:cta Y

Figure 3: Depiction of single dissolved protein.

Taking the system of equations () from the PB implicit solvent model de-
scribed in section (@), and making notational changes to account for the presence

of only two domains results in the following:

.
V20eat (1) — K2 Gear(2) = 0 in 0+,
V2pim(x) = — Ak §(x, x in 27,
(@) = =22 20z, ) -
75¢2nt (.’I?) = VEQbext(x) on F,
\W&sznt(x) = 6’71—\*}¢6xt($) on F,

where € is the ratio between the dielectric constants of the two domains e = i—“

int
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3.1 Integral Formulations

To be able to apply BEM the PDEs in the system of equations (@) must first be
transformed into integral equations. As shown in section (), using Green’s
representation theorem, the solutions of the internal and external potentials can

be written as

¢int = Vint,uint - ’Cintyint + Z a 5('177 xk)a (58)

6 .
3 wnt

(bext = Vemt,uext - Kextyexta (59)

where the potentials are defined as the jumps across the boundary, these are

Ving = 75¢znt - 7;¢int; Hint = 7]:[¢znt - Vj—tf(éinta

Vegt = 75¢emt - ’Yg(bexta Hext = ’Y](f(be:pt - fVJJ\r](éexta

And the single layer and double layer potential operators are dependant on

the domain and are defined as follows:

Vi) = [ Ganla, ) () oraeQ,  (60)
Vi) = [ Goalip)ul)ar o) forecQt,  (61)
KCana/] () = /F %u(y)dr(y) for z € O, (62)
Kearlw) = [ 258 gparty forse0t. (63)

Gint and G are the Green’s function of the internal and external domains,

respectively. The Green’s function for the internal domain is that of Laplace, and
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for the external domain it is Modified Helmholtz or Yukawa Potential. These are

1
Gint(z,y) = m,
—rlz—y|
e
Get(2,y) = Tl =yl

Defining the interior and exterior fields for the problem we have

¢int =

¢ext =

¢

0 in QF,
\(bmt in 7,
¢

Gext in QF,

0 in Q7.

\

From this we can get the value for each potential:

Vint = 75¢int7

Wint = YV Pint
_ +

Vegt = _’YD(Zﬁemta

Hext = _fYJJ\r/'¢ext .

(66)

(67)

Taking the Dirchlet and Neumann traces of the representation formulas gives

VpPint ( 1

'7;[ ¢int

“I+ A,
gt T Lint

. 1 K
Vint Treim: >k [z—]
+

A 9 L qk
Hint an <4wem 2k \x—zk\>
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'ygqsext 1 Vegt
- (_51 + Aext) ) (73)

IYJJ\FI (bext Hext

where A;,; and A.,; are Calderén operators as defined in (@) The boundary
operators that make up these Calderén operators use the corresponding Green’s
function for the domain, so A;,; uses G;,; and A, uses G..:. Now, replacing the
potentials v and p, with the identities in equations (@ - EI), and making use of
the Cauchy trace (y* = [”yﬁ ’y]ﬂT) gives

N 1 _ _ 1 Ak
int — =1 Am in y 74
Y Gint (2 + t)7¢t+7 (47remtzk:|x—xkl> (74)

+
N 1 —VpPeat 1 N
Y gbemt - _51 + Aemt - 51 - Aea:t Y Qbemt- (75)
_Vj—tfgbext
Yp T € (76)

Next, the boundary conditions defined in (@) are applied, and all of the
potential parameters in the equations can be left in function of only the internal
potential ¢;,;. To do this we define £ = [é I(/)E], now the boundary conditions

can be expressed as Y @y = E v~ dins. Substituting into equation (@) results in

1
E 7_¢int = (51 - Aext) E fy_qsint' (77)

In the case that we multiply both sides by £~! this simplifies to

1 ~
YV Gint = (§I - Aext) Y Gint, (78)

where by flemt = F~' A.,; E, which is known as the scaled exterior Calderén
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operator. We define this as

1
- ext ¢ ‘/;zt

Aemt - . (79)
EDeact Tea:t

3.1.1 Direct Formulation

Following the work done by Yoon and Lenhoff [[] we obtain our first formulation
for the system of equations (@) This will be referred to as the direct formulation.
Taking only the Dirichlet trace part of equations (@) and (ﬁ) gives

2 AT €y - |z — x|

_ 1 _ _ - 1 q
YpPint = (— - Kmt> YpPint + Vit YN Pint + Vp < Z - ) ]

_ 1 3 1 B
VpPint = (5 + Kea:t) VD Pint — (E%a}t) YN Pint

1 a¢znt(x) . qk

(5 + Kint) gbmt(x) - ‘/int 8n - Zk: Einta(l" l’k), (80)
1 1 8¢mt(x) .

(§ - Ke:pt) Gint(x) + E‘/extT = 0. (81)

This can also be expressed in a matrix based notation,

%[ + Kint _‘/int (bint Zk %(S(JZ’, xk)
= (82)
L Ko W | | i 0
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3.1.2  Juffer Formulation

Another well known formulation of the problem is that presented by Juffer and
coworkers [2], and which is used in the TABI code developed by Geng and Krasny
[7. This formulation is well conditioned and makes use of the normal derivative

of the equations of the direct method. Taking (@) and adding [§ 9] times (@)

results in

VpPint ¢ 0 VpPint 1 YpPint
YN Pint 0 I| |t7NPint YN Pint
=1 — A, . (83
+ v (47T€mtzk:|$—$k|>+ 5 t (83)

Splitting this into two separate equations, one containing the Dirichlet trace

and the other the Neumann trace, we obtain the Juffer formulation, that is,

8¢int

(1 + 6) ¢int - (eKe:vt - Kint) ¢int + (‘/z‘nt - ‘/e:ztt) an

N —

1 qk
AT €y - |z — 2]

(84)

1 1 8 in 1 a in
5 <1 + _) ¢ f = (Dmt - Dezt) ¢int + (Ent - gTe:vt) (;bnt

0 1 4k
+ on (47T6mt Zk: |z — a:k|> - (85)

We can pass this to a matrix based notation giving
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1
51 (1 + 6) Qbint GKext - Kint ‘/int - ‘/ea:t Qbint

1 1 , 1 .
5[ <]. + E) % Dint - Dezt irint - ZTEl’t ag'lr?t

1 Z qk
T€int k |z—z
! el (s6)

0 1 dk
on <47reim Zk \w—zk|>

Rearranging gives the Ax = b form that was used in this work,

1
51 (1+¢€) = (eKewr — King) — (Vint — Veeat) Gint

1 1 1 ,
- (Dmt - De:pt) 51 (1 + _) - (T’znt - EText) _Bz(;;;:w

€

1 Z QK
T€int k |lz—z
_ 4 |z~ ‘ (87)

0 1 qk
on <47reim Ek \x—xk|)

3.1.3 Alpha-Beta Formulation

As with the Juffer formulation, we take equations (@) and (@) and add them.

However, this time multiplying (@) by matrix D = [§ §], this gives

1 1
(I + DE) W_Cbmt = ((51 + Aznt) + D (51 - Aext) E) ’y_qbint

- 1 dk
. (88
7 (47reim; ]a;—:r;ﬂ) (88)

Taking o and S to be real numbers, this becomes a series of linear combinations

of the interior and exterior representation formulas. Restructuring (@) we obtain
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the final linear system that must be solved as

1 1 ¢int
((§I+Amt) + D (51 - Aemt) E— (I"‘ F)>

a¢int
on

1 Qi
Ameint Zk |z —p]|

=— . (89)
0
on <47r61im Zk \x?}k\)
Where D, E and F' are defined as
a 0 I 0 a 0
D= , E= , F=DFE = (90)
0 3 0 1 0 &

This can also be expressed as

1 1 ¢int
(_I+Aint+<D'§I'E>_(D'Aea:t'E)_[_F)

8¢int
on

1 qk
4Teint Zk |e—xk|

0 1 9k
on <47T€Z‘nt Zk \:vf:pk\>

Y
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— Nt ‘/int 1 a 0 _OéKefEt %
ST+ 51 -
Dint Ent 0 g BDea:t @
1 q
o a 0 Gint o T Dok o]
B O0din o) 1 q
0 € 8nt on (47remt Ek \x—kxk\>
_Kint + aKe;L’t V;nt - % 1 1+« 0 ¢int
T
BT. 2 B élol)
Dint_ﬂDext ﬂnt_Tem 0 1+? %

1 9k
A€ int Zk |x—xg|

_— .01
0 1
on (47reim Zk \xﬂjvﬂ)

It is apparent that this is a generalisation of the Juffer formulation, which is
a sub-case when o = € and = 1. This is shown by substituting the values into

equation (@), giving

1 e 0 1 1 0 e 0 ¢int
(§I+ A'mt) + (51 - Aemt) —1—
0 I 0 1 0 Lf ) |%e

1 qk
AT €imt Zk |z—2k|

0 1 9k
on (47T€int Zk \x—xﬂ)
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- 6[(ext ‘/ext 1 s 0 ¢'mt

Aint - - 51 -
1 I 0, in
De:vt ETezt 0 2¢ %
1 qk
AT €imt Zk |z—2k|
= - )
0 1 9k
on (47remt Ek \x—xﬂ)
_Kint + EKeact V;nt - ‘/ext 1 1 + € 0 ¢int
S
1 1 % in
Dint - Dext ,I;nt - EText 0 1 + e %

1 9k
AT€int Zk |x—xg|

_— . (92)
0 1
on (47reim Zk \xﬂjvﬂ)

This is equivalent to the Juffer system shown in equation (@), and provides an
easy method to try different combinations of the representation formulas, simply
by changing the values of o and /.

In this work, along with @ = € and = 1 (Juffer formulation), three other cases
of av and 3 were assessed to see how they compare in terms of their convergence and
use of computational resources. The first case was selected as a case presenting
perhaps the simplest values of o and [, both being 1. The other two cases
were selected because of the form these present, comprising of the addition and
subtraction of Calderén operators and the identity matrix, appearing similar to
formulations used in acoustics and electromagnetism. Here follows a simplified

notation of these three cases.
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Case 1: (¢4 =1and g =1)

(—I + Amt) + (51 _ Am) g
0 I 0 1 o 1| | | 20w
€ € on
. 47F61mt Zk Ixzkx“
o)
] oo | o
Aint - - 5[
Dt %Tezt 0 1+ % —8((@;:”
1 Z s
ATEint kJz—zx
_ lz—ag (93)
el
Case 2: (¢ =1and =)
(5["‘ Amt) + (5] — Aemt) — ] —
0« U 0 <) |

L dk
Ameint Zk |$—$k|

9 1 9k
on (47r€int Zk |I—Ik|>
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_ Pint 47r51mt 2k |$z’§5k|
<Aint - Aext - I> = (94)

8¢'in o) 1
Bnt on (47remt Zk |zgkxk|>
Where A,y = E~! A,y E s the scaled exterior Calderén operator, as defined
in equation (@)

Case 3: (¢ =—1 and 8 = —e¢)

) I 0|, I 0 ~1 0 Bint
§]+Aznt + I — Aeact e

a¢int

(@)
|
o)
@)
a I~
)
|
[}

1 (%3
AT€int Zk |le—xk]

0 1 9k
on (47remt Zk |mka|>

~ ¢int 47T€1int Zk ‘xz];k‘
<Amt + Aext) == (95)

Obint i 1 9k
on on <47remt Zk |lx—x |

3.2 Calculation of Solvation Energy

To calculate the solvation energy of the biomolecule we must first calculate the
reaction potential as shown in equation () This can be done by taking equation
(@) and subtracting the Coulomb effect, giving

8¢int

¢reac = Vint on

- lCint ¢int . (96)

With this calculation of the solvation energy simply requires the evaluation of
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equation ()

3.3 Analytical solution

Generally the geometry of biomolecules is not regular and so the electrostatic
potential can not be calculated by analytical means. However, with simpler forms
it is possible to obtain an analytical solution. For the case of a sphere with radius
R and single point charge at its centre, shown in figure (@), the solution can be
easily calculated. Based on the analytical solution presented by Kirkwood [8] the

following is obtained.

O, €opt. Qert. K

Figure 4: Representation of problem with simplified geometry

Using an expansion with Legendre Polynomials (P,) the internal and external

potentials can be expressed as

Gina(1) = M;’mtr + 5 CorPo(cos(8)), (97)
Geat (1) =Y _ ankin (k1) Py(cos(6)). (98)

Given that there is only single point charge at the centre of the sphere, the

only term that remains is n = 0. It is also known that Py(z) = 1 so the expressions

30



become

Gint (1) = 4W€qmtr + Co, (99)
¢e$t(T) = a/OkO(/ﬂ")' (100)

k, is the modified spherical Bessel function of the second kind and for n = 0

results in

ko(z) = , (101)

(102)

dx T T

dko(z) e ® e® e’ (1 N l) .
T T

On the boundary (r = R) are the boundary conditions stated in (@) Applying

these we obtain

q
dme;m R

+ Co = apko(kr), (103)

—Eintm = Gextaolﬁk()(lfr). (104)

Using (@) the expression of ay can be determined to be

el 1
g = o (14 75) (105)

_ qr
 Adegyme R (1 4+ KR)

ag (106)

Substituting back into equation () we obtain the expression for the external
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potential,

—KT —k(r—R)
qrK e q e
= aglo(kr) = _ 107
Dext = Goko(rT) deoyme 1 (1 4+ KR) Kr déeym (1 +KR) 7 (107)
Taking the potential on the boundary (r = R) gives
Cbext = a e_H(R_R) = q . (108)
Amee (1 +KR) R Am€ert (1 + KR) R

Given that the internal in external potentials are the same on the boundary,
®erzt can be used to calculate the reaction potential as shown in (@) The Coulomb

potential in this case can be calculated as

L q
oul = - 109
Pcou dmem R (109)
The reaction potential thus becomes
¢reac = ¢ext - ¢Coul = a - L g (110)
A€o (1 + KR) R Améy R

And finally, to calculate the solvation energy in kcal/mol,

E,o = 21 x 332.064 X qGreqe- (111)

3.4 Preconditioning Methods

The different formulations shown in this work all result in the need to solve a
system of linear equations. In this case the iterative algorithm GMRES was used
to resolve the system. The linear system can be expressed as Ax = b, and the
number of iterations required to solve the system is linked to the condition number
of the matrix A. In the case of the direct formulation (), it is known that

the condition number increases in function of the number of elements in the mesh
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[9]. To combat this problem, and lower the number of iterations required for
convergence of other formulations, preconditioning techniques can be used.

A preconditioner is an operator, which when applied correctly is capable of
lowering the condition number of the matrix A, thus the system can be resolved in
less iterations. A very common type of preconditioning is the left preconditioner,
which was used in this work. In this case the preconditioner takes the form of a
matrix P and is multiplied from the left on both sides of the linear system. This

results in

PAx = Pb. (112)

Two types of preconditoner P were tested in this work, they are described

bellow.

3.4.1 Block-diagonal preconditioning

One of the preconditioners tested in this work was the block-diagonal, as described
by Altman and coworkers [10]. As pointed out in their work, a good value for P
is that P ~ A~!. They also state that the dominant entries of A tend to be the
self influence terms. From this, they proposed that P be the inverse of a sparse
matrix consisting of only the self terms. This is given the name block-diagonal
preconditioner as it takes the form of a 2 x 2 block structure, whereby each
block is a diagonal matrix. This preconditioner was tested on all of the presented
formulations to see if there was an improvement on the number of iterations to
convergence.

All of the formulations presented in this work result in a 2 x 2 block matrix
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All A12
A= (113)

A21 A22

Taking only the diagonal of each block we define M as

diag(An) diag(A)
M= ) (114)

diag(As1)  diag(Asz)

Taking the inverse of M we obtain our preconditioning matrix P, that is,

P=M" (115)

Given that M is a diagonal matrix, calculating it’s inverse can be done easily

via LU factorisation and computationally is relatively cheap.

3.4.2 Calderon preconditioning

In the case of the formulations which can be expressed with use of the Calderén
operator and projector (Juffer and Alpha-Beta), a method of preconditioning can
be applied arising from the identities in equations () and (@) This precondi-
tioning is performed by multiplying the operators before discretising them, and so
receives the name of operator preconditioning. Four different schemes based on
the different Calderén operators and projectors were tested, these were as follows.

First we have the entire matrix A, which as the linear combination of the
internal and external Calderén operators conserves the identifies. So the final

system to be solved in this case has the following appearance:
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P=A = PAx = Pb = A?x = Ab. (116)

Two other options are to apply either the interior or exterior Calderén opera-

tors (Aju or Aey) instead of the entire matrix A. This leads to

AintAX = Aintba (117)
AeztAX = Ae:vtb- (118)

Lastly, the Calderén projector as defined in equation (@) and it’s properties
can make it useful as a preconditioner. In this work a variation of the Calderén
projector was tested for two of the Alpha-Beta formulations presented in (),
these were for cases 2 and 3 when @ = 1, § = e and a = —1, f = —¢, re-
spectfully. In the general formulation, shown in equation (@), appears the term
D (%I — Aext) E. In the cases mentioned, matrix D is either the inverse or minus
the inverse of matrix E, and in this context the term E—1 (%I — Awt) FE is known

as the scaled exterior projector. Applying this preconditioner gives

(- an)ela- [p(ba) o

3.5  Bempp Library

Bempp [3] is an open-source computational boundary element library for solv-
ing electrostatic, acoustic and electromagnetic problems. The library has passed
through various versions and rewrites over the years. The current version (bempp-
cl) is written almost entirely in python, with the use of PyOpenCL for just-in-time
calculation, and it also supports CPU and GPU parallelisation. The library uses

operator representation, making implementation of different formulations easy. It
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also supports both dense and fast multipole method (FMM) operator assembly,
giving the ability to use one or the other depending on the problem to be calcu-
lated. The dense assembler is directly implemented in the bempp library, where
as the FMM assembler utilises the ExaFMM [11] python library.

The previous version of the bempp (3.3.4) was written in a mixture of Python
and C++, and also included hierarchical matrix (H-matrix) techniques for the
assembly of operators. This is currently not available in bempp-cl, however there

are plans for it to be passed into a feature release.

3.5.1 Notes on Discretisation

Bempp allows the use of a variety of different types of function spaces, for use
depending on the problem to be simulated. In the case of this work, the functions
spaces of both the potential (¢) and its normal derivative (%) were set to be
continuous polynomials of order 1.

The bempp library uses Galerkin discretisation. This converts the continues
boundary integral problem into a discrete problem, allowing numerical calcula-
tions to be performed. Due to this, the operators can be discretised into either
the weak or strong form.

Defining the discrete weak form of the operator A as A, the discrete strong

form (A%) is given by

AS = M*A. (120)

Here M, is the mass matrix of the operator A, which is the discrete map

from the range space to the dual space of A. Applying this to the linear system
Ax = b, the corresponding strong form would be

M 'Ax = M~ 'b. (121)

This is sometimes referred to as mass matrix preconditioning and has been
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shown to improve convergence when using the PMCHWT formulation for electro-
magnetic scattering [12]. The different formulations presented in this work were
tested using both the weak and strong forms. For more information on the dis-
cretisation used, and the discrete operator algebra implemented in bempp, please

refer to [13] and [12].

3.6 Bem_ electrostatics Python Library

A python library was written to reduce the lines of code needed to perform a
calculation with the methods outlined in this work, obtaining as a result the
surface potential and solvation energy. The library automates almost all the
steps in section (@), preprocessing the data needed for the calculations. It also
performs all the steps outlined in section (@) to calculate the results. The user
only needs to write a few lines of code and supply either a PDB or PQR file.
Different options are available for debugging, timing different formulations, or
extracting data for other purposes. The library brings together features of many
different software packages (bempp-cl, NanoShaper, pdb2pqr, etc.) to perform
the calculations in a way that is far more user friendly and streamline. It allows
for easy selection of the formulation to be used, changing of options such as
the dielectric constants and GMRES tolerance, and the output of timings of the
different steps. The library is open source and can be found on GitHub [14].

3.7 Structure Preparation

Before the calculations can be performed data must be obtained about the molecule’s
structure and then processed, finally, producing the surface mesh to be used.

These steps are described in more detail bellow.
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3.7.1 Protein Data Bank

Information about the structure of the biomolecule to be used as the solute must
first be obtained. The crystal structures of many folded molecules are available for
free from the Protein Data Bank, an online information portal and data archive,
which provides access to 3D structure data for large biological molecules. The
information for the structures is obtained through methods such as X-ray crys-
tallography, NMR Spectroscopy and cryo-electron microscopy. These methods
help determine the type of atoms that form the molecules, and their positions
relative to one another. The information can be downloaded in the PDB format,
which contains a list of the molecule’s atoms and their positions, as well as other
information about the molecule and the conditions under which the data was

gathered.

3.7.2 PDB2PQR and Force Fields

With the PDB information, next a force fields model must be applied to calculate
the van der Waals radii and charge at the location of each atom. During this step,
checks are performed to make sure that all of the atoms which would be expected
from a physical point of view are present, as the methods used for producing the
molecule structure data do not always capture all of the smaller atoms. This
was done utilising the free pdb2pqr [15] software. The final data obtained after
applying the force fields model is the position, van der Waals radii and charge of

each of the atoms in the molecule. This information is stored in a PQR file.

3.7.3 Generation of Surface Mesh

From the data in the PQR file the surface mesh of the molecule can be constructed.
The definition of the surface interface used in this work was the solvent excluded
surface (SES), as described in the implicit solvent model (@) To generate surface

meshes there exist various different freely available software packages, including
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MSMS [16] and NanoShaper [17]. All of the calculations in this work were made

using meshes generated with NanoShaper.

3.8 Calculation Code Details

The calculations presented in this work were performed utilising the bempp-cl
library, with the bem_ electrostatics library hiding much of the required code
from the user, providing an easier to use interface for this application. Here is
briefly detailed the processes used to perform the calculations with the different
formulations mentioned previously. For more detailed examples on how to use the
library, and information on all of the different parameters available, please refer

to the page on GitHub [14].

3.8.1 Protein Object Initialisation

The first step in performing a calculation, utilising the bem__electrostatics library,
consists in the creation of a solute object. This holds all the information about the
solute, the parameters used and the results obtained. During the initialisation of
this solute object, the required preparation steps (@) are performed depending
on the parameters given. Either a PDB or PQR file must be specified, but other
optional parameters can be specified, these include, mesh density, whether to save
files generated during mesh generation, use of a pregenerated mesh, the force field
model to be used, amongst others. The surface mesh is imported into the bempp-
cl library and the x, y, z positions and charge of each point atom are saved to the

solute object. Here follows a simple example, creating the object named protein.

import bem_electrostatics
protein = bem_electrostatics.solute('1bpi.pdb',
mesh_density = 8,

mesh_probe_radius = 1.4,
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mesh_generator = 'nanoshaper',
print_times = True,
save _mesh build files = True,

force field = 'parse')

Next, the necessary changes can be made to the parameters used in the cal-
culations. In the PB implict-solvent model (@) there are 3 parameters that one
may wish to alter, as these describe physical properties of the solvent and solute.
They are the dielectric constants and the inverse Debye length. These have de-
fault values set in the bem__electrostatics library but can be changed at this stage.
Other parameters must also be set depending on the formulation and precondi-
tioning scheme to be used. The following list shows these parameters and their

default values.

# The formulation to be used is set with the following attribute:

protein.pb_formulation = "direct"

# Attributes for the internal and external dielectric constants
# and inverse Debye length (kappa)

protein.ep_in = 4.0

protein.ep_ex = 80.0

protein.kappa = 0.125

# Attributes for the aplha and beta values to be used in the case
# that this formulation is selected

protein.pb_formulation_alpha = 1.0

protein.pb_formulation_beta = protein.ep_ex/protein.ep_in
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# Whether to apply or not calderon preconditioning (only if using
# alpha_beta), and which to apply (squared, interior or exterior)
protein.pb_formulation_preconditioning = False

protein.pb_formulation_preconditioning type = '"calderon_squared"

# Select which discrete form to use (strong or weak)

protein.discrete_form_type = "strong"

# Attributes that can be changed for the GMRES solver
protein.gmres_tolerance = le-5

protein.gmres _max_iterations = 1000)

3.8.2 C(Calculation of the Surface Potential

When all of the different parameters have been set to the desired values, the

process of calculating the surface potential can be started. This is done by calling

the solute object’s calculate_potential() function, for example,
protein.calculate_potential().

This function performs the following steps to calculate the potential on the bound-

ary, utilising the formulations presented previously.

In the first step the function spaces for the problem are created. These repre-
sent the type of approximation to be used in the discretisation of the continuous
space. In bempp-cl many types are implemented, both scalar and vector spaces,
which can be used depending on the problem to be solved. In the case of this
work both the Dirichlet and Neumann spaces were discretised using a continuous
polynomial of first order.

Next, the necessary boundary operators are generated depending on the for-

mulation, and with these the matrix of the left hand side is initialised. This is
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followed by the creation of the vectors for the right hand side of the equation.
These vectors are generated through use of grid functions, which are used to
represent a function on the mesh.

Now the desired preconditioning scheme is applied. In the case that this be
Calderén operator preconditioning, as mentioned in section (), the precondi-
tioner is created and applied to the system in it’s operator form. However, if the
block-diagonal preconditioner is desired this is created but saved and passed as
an argument to the GMRES solver later on.

Now the system of operators must be discretised. As mentioned above, bempp-
cl uses Galerkin discretisation, meaning either the weak or strong form may be
used depending on the situation, this is set via the discrete_form_type param-
eter of the solute object. The final matrix A and rhs vector, with preconditioning
applied if desired, are passed to the discrete form set in the parameter.

Next the Scipy python library’s GMRES function is used to resolve the system
of equations iteratively. The variables passed to the function are, the discretised
matrix and RHS vector, the desired tolerance, maximum number of iterations to
perform and, in the case that block-diagonal preconditioning is used, the block-
diagonal matrix. The default tolerance, which was used for all calculations in this
work is 1le — 5. The maximum number of iterations was set to 200 and the default
restart of 20 iterations was left unchanged.

Once the result has been computed, the solution is split and the Dirichlet
and Neumann parts extracted. This data, along with the number of iterations, is

saved to the solute object.

3.8.3 Calculation of Solvation Energy

In this work the solvation energy was used to compare the convergence of the dif-
ferent formulations. This parameter, which is also of much interest for biomolec-
ular systems, can be calculated from the surface potential, as described in section

(@) Here follows the steps that the bem_ electrostatics library performs to
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calculate the energy. In this case, the corresponding solute object function is
calculate_solvation_energy().

First the library checks to see if the surface potential for the solute object
has been calculated, if not it first calls the calculate_potential() function.
Now that the solute object will contain the information used and result of the
calculation of the surface potential, equation () can be applied.

Using the same function spaces as the calculation of the surface potential, the
appropriate potential operators are generated with the required evaluation points
at the locations of the point charges. Utilising these operators and the solution of
the surface potential, equation (@) is evaluated to compute the reaction potential
at the location of the point charges. Knowing the reaction potential, equation ()

is applied, giving as a result the solvation energy. Finally, this is converted to the

kcal

units
mol

and saved to the solute object.

3.9 Richardson Extrapolation

In numerical computing Richardson extrapolation can be used to estimate the
exact solution to a problem. This is done using a series of computations, in which
the resolution of the mesh used is refined. In the case of this work Richardson
extrapolation was used to analyse the order of convergence of each method used
and determine and approximate exact solution. To use this method various cal-
culations must be made with meshes of increasing fineness, and with these results
the order of convergence can be calculated. The order of convergence (p), can be

calculated with

log (=1

Tog(r) (122)

p:

Here 7 is the mesh refinement ratio, this is calculated as 2 = ha

2 =12 where h may

be in spacing, area or volume. f;, fo and f3 are the results of the computations

for each mesh resolution. If the calculated order of convergence matches the
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expected value, one can say that the numerical calculations for fi, fo and f; are
in the asymptotic range and thus it is possible to estimate the exact solution, with
the following equation,

fi— [

fe:pact ~ fl + T’p—— 1 . (123)
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4 Results and Discussion

Unless otherwise stipulated, the results bellow were calculated using the following
hardware, software versions and parameters. The calculations were performed on
a computational workstation equipped with two Intel Xeon E5-2680 v3 CPUs @
2.50GHz (total of 24 physical cores and 48 threads) and 94 GB of RAM. The
values used for the interior and exterior dielectric constants and inverse Debye
length were €;,; = 4, €;,; = 80 and k = 0.125, respectively. While the GMRES
tolerance was set to 107>,

The bem__electrostatics library was used to simplify the code required in this
particular application of BEM. The main code for the BEM calculations, called
from bem electrostatics, was bempp-cl version 0.2.2. Given the number of ele-
ments in the meshes utilised and the RAM resources of the workstation, it was nec-
essary to use Fast Multiple Method (FMM) evaluation, which is done by bempp-cl
using the ExaFMM library. The ExaFMM version was 0.1.0. For the generation
of surface meshes for the different biomolecules, NanoShaper [17] version 0.7.8
was utilised. As explained in section (), pdb2pqr was used to calculate the
Van der Waals radii, with the PARSE force field option.

The ExaFMM library utilises two parameters to create the FMM structure
which can be modified by the user, these are the ncrit and the expansion order.
The best values for these parameters depends on the hardware used and the
desired level of precision. To decide what values to use for these parameters a
set of calculations was performed using one biomolecule and changing the values
of the ncrit and expansion order. The results were then studied and the best
values identified. For this case they were determined to be an nerit = 100 and an

expanston__order = 5.
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4.1 Mesh Convergence

First it was tested to see that when the mesh was refined, the different formulations
converged in the expected manner. To do this, meshes of varying densities were
produced for both the 1BPI biomolecule and a simple sphere of fixed radius. The
solvation energy was then calculated using the 4 main formulations tested during
this work. The calculations were performed using the strong form discretisation
(mass matrix preconditioning) and no extra preconditioning methods.

Below are the results for the calculations using the sphere. The radius was of
20[A] and it contained a single point charge at its centre, with a value of 10[e7].

The other parameters were kept with the values presented at the beginning of the

results section.
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Figure 5: Solvation energy convergence with mesh refinement for spherical mesh.

For this simplified problem, with a spherical mesh and single point charge,
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the solution can be computed analytically, as shown in section @ The result
for this analytical solution of the solvation energy, with the parameters defined
here, gave -204.57514 [kcal/mol| and is plotted with the other results. From the
results it can be seen that there is very low variability between the solutions of
the different formulations, converging at the same rate and to very similar values.
The difference between the numerical and analytical solutions is within less than
0.5 % from 846 mesh elements onwards.

Next, the same procedure was performed using the biomolecule 1BPI, for
which the results are presented in figure (B) Richardson extrapolation (Sec. @)
was used to obtain an estimated exact solution of the solvation energy. This was
done for each of the 4 different formulations and an average of these was plotted

with a dotted line. The individual results of the extrapolation are shown in table

(0

Formulation Refinement Observed order Extrapolated exact
used ratio r of convergence p solvation energy
alpha=1 / beta=1 0.5 -0.985015 -357.0760127
alpha=1 / beta=ep 0.5 -0.997566 -357.0924383
alpha=ep / beta=1 0.5 -0.990138 -357.0820445
Direct 0.5 -0.998473 -357.0927437

Average estimated
exact solution

-357.0858098

Table 1: Richardson extrapolation results.
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Figure 6: Solvation energy convergence with mesh refinement for 1BPI biomolecule.

From the results it can be seen that the convergence of the different formula-
tions, as the mesh was refined, was in accordance with what is expected for these
numerical calculations. The results converge toward the calculated Richardson
extrapolation in an asymptotic fashion. From these results it was decided that a
density of 10 [%] is sufficiently refined, this given that the results in this case

present an error of between 1.31% and 1.34%, when compared with the estimated

exact solutions.

4.2 Preconditioning and formulation comparison

A series of different formulation and preconditioner combinations were tested,
calculating the solvation energy of the 1BPI molecule. The objective of this was
to compare the different combinations using a variety of parameters, in order to

determine which of these is the most convenient to use. These calculations were
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performed using a single mesh density, this was chosen, for the reasons given in

vertices]
A2

the previous section, to be 10 | This mesh contained 66596 triangular
elements and 33302 vertices. For these calculations the GMRES max iteration
limit was lowered to 200.

Various parameters of the calculations were measured in order to make com-
parisons between the different schemes tested, these included, total calculation
time, the time taken to resolve the linear system using GMRES, the number of
iterations taken and RAM usage. The RAM usage was done utilising a python
library to monitor the maximum usage during the calculations. Using the num-
ber of iterations and GMRES time, the approximate average time per iteration
was also calculated. The difference between the total time and the GMRES time
includes things such as the operator assembly, steps required for preconditioning,
and the calculation of the solvation energy, but, as can be seen in the results, the
dominating time is that of the GMRES solver.

A total of 7 different combinations were tested, the results are presented in

the following tables.

Memory  Total GMRES Number Aprox. Solvation

Usage Time Time |5 of GMBES Tim§ per Energy Formulation Type
[GB] [s] Iterations  Iteration [s] [kcal/mol]
2.165 419.9 355.3 28 12.7 -361.775 alpha=1 / beta=1
2.143 2459.8 2395.7 >200 12.0 -361.933  alpha=1 / beta=ep
2.132  2509.8 2443.9 >200 12.2 -361.890 alpha=-1 / beta=-ep
2.121 1317.0 1252.1 101 12.4 -361.818  alpha=ep / beta=1
2.127 2488.9 2424.2 >200 12.1 -361.870 alpha=-ep / beta=-1
1.667  993.2 957.1 >200 4.8 -361.817 Direct

Table 2: Weak Form discretisation - No preconditioning
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Memory  Total GMRES Number Aprox. Solvation
Usage Time Time [s] of GMRES Tim(? per Energy Formulation Type
[GB] [s] Tterations  Iteration [s] [kcal/mol]
2.127  305.3 228.3 17 13.4 -361.775 alpha=1 / beta=1
2.232  2566.0 2486.2 >200 12.4 -363.127  alpha=1 / beta=ep
2.131 2585.9 2505.9 >200 12.5 -362.100 alpha=-1 / beta=-ep
2.191 365.2 283.9 21 13.5 -361.817  alpha=ep / beta=1
2.167 2562.3 2482.9 >200 12.4 -361.818 alpha=-ep / beta=-1
1.706  460.3 416.4 81 5.1 -361.874 Direct
Table 3: Weak Form discretisation - Block Diagonal preconditioning
Memory  Total GMRES Number Aprox. Solvation
Usage Time Time 5 of GMRES Tim? per Energy Formulation Type
[GB] [s] Iterations  Iteration [s] [kcal/mol]
2.129 301.5 236.0 18 13.1 -361.775 alpha=1 / beta=1
2.100 321.8 255.4 20 12.8 -361.865  alpha=1 / beta=ep
2.171 350.8 287.6 22 13.1 -361.880 alpha=-1 / beta=-ep
2.119 834.2 769.7 62 12.4 -361.815  alpha=ep / beta=1
2.133 1801.5 1734.9 139 12.5 -361.820 alpha=-ep / beta=-1
1.717 9823 943.5 187 5.0 -361.874 Direct

Table 4: Strong Form discretisation - No preconditioning
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Memory  Total GMRES Number Aprox. Solvation

Usage Time Time [s] of GMRES Time per Energy Formulation Type
[GB] [s] Tterations  Iteration [s] [kcal/mol]
2.121  955.7 878.6 35 25.1 -361.734  alpha=1 / beta=1
2.159 1579.8 1504.4 60 25.1 -361.864  alpha=1 / beta=ep
2.169  410.7 334.1 12 27.8 -361.880 alpha=-1 / beta=-ep
2.175  4999.6 4919.9 >200 24.6 -360.672  alpha=ep / beta=1
2.197 5000.3 4923.1 >200 24.6 -361.615 alpha=-ep / beta=-1

Table 5: Strong Form discretisation - Squared Calderén preconditioning

Memory  Total GMRES Number Aprox. Solvation

Usage Time Time 5 of GMRES  Time per Energy Formulation Type
[GB] [s] Iterations  Iteration [s] [kcal/mol]
2.203 7545 677.9 31 21.9 -361.776  alpha=1 / beta=1
2.175 1061.1 981.5 45 21.8 -361.863  alpha=1 / beta=ep
2.245 641.1 565.7 26 21.8 -361.880 alpha=-1 / beta=-ep
2.168 4229.5 4153.1 >200 20.8 -361.803  alpha=ep / beta=1
2.219 4230.3 4156.1 >200 20.8 -361.752 alpha=-ep / beta=-1

Table 6: Strong Form discretisation - Exterior Calderén Operator preconditioning
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Memory  Total Number Aprox. Solvation

Usage Time %i\r/flfe{]i[}s? of GMRES Time per Energy Formulation Type
[GB] [s] Tterations  Iteration [s] [kcal/mol]
2.124  586.7 517.5 33 15.7 -361.776  alpha=1 / beta=1
2.143  591.8 521.2 33 15.8 -361.854  alpha=1 / beta=ep
2.153  385.9 315.3 20 15.8 -361.870 alpha=-1 / beta=-ep
2.158 3065.6 2993.8 >200 15.0 -361.767  alpha=ep / beta=1
2.094 3105.5 3036.2 >200 15.2 -361.623 alpha=-ep / beta=-1

Table 7: Strong Form discretisation - Interior Calderén Operator preconditioning

Memory Total GMRES Number Aprox. Solvation
Usage  Time Time 5 of GMRES  Time per Energy Formulation Type
[GB] [s] Iterations  Iteration [s] [kcal/mol]
2.192  335.5 259.1 11 23.6 -361.876  alpha=1 / beta=ep
2.154 3314 257.0 11 23.4 -361.869 alpha=-1 / beta=-ep

Table 8: Strong Form discretisation - Exterior Calderén Projector preconditioning

These results contain lots of information that can be used to compare the
different combinations tested. It is not immediately obvious which is the best
combination and a variety of factors must be taken into account.

For the base case, with weak form discretisation and no preconditioning, it
can be seen that out of the 6 formulations, 4 of these reached the 200 maximum
iteration limit before the desired tolerance was obtained, and so the timings of
these results should not be used for detailed comparisons. The two other formula-
tions converge before the limit, however, they performed poorly when compared
with other combinations, taking both longer in terms of total time and having a
higher GMRES iteration count.

The formulations « =1/ f =€ and o« = —1 / = —e performed very well

with the different Calderén preconditioning types, with a lower number of GM-
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RES iterations required for convergence. This can be explained by studying these
formulations in (@) and (@) The left hand sides of these equations consist in the
addition or subtraction of the interior Calderén, the scaled exterior Calderén and
identity operators. For this reason, and given the identities presented in section
, it can be expected that the application of the different Calderén precondi-
tioners would perform well. In particular, the use of exterior Calderén projector
preconditioning greatly improved the convergence, requiring just 11 iterations for
both the mentioned formulations. This is substantially lower than the 17 of the
next lowest combination (&« =1 / 8 = 1 - weak form with block diagonal precon-
ditioning). However, the problem, as is the case when using any of the Calderén
preconditioning methods, is that each GMRES iteration took longer, given that
it requires more matrix-vector operations. This can be seen by looking at the
calculated approximate time per iteration. When using strong form discretisa-
tion without any preconditioning, the time per iteration for all the alpha-beta
type formulations was ~ 13 [s]. If squared Calder6n preconditioning was applied,
the time per iteration was approximately double (= 25-27 [s]). This is expected
given that twice as many matrix-vector operations must be performed. For the
other Calderén preconditioning schemes this time was somewhere in between. In
all the cases tested any reduction in the number of GMRES iterations required
appears to be offset, given that these take longer, and in most cases the total
time was longer than if preconditioning had not been applied. It may be possible
to apply Calderén type preconditioning with the use of a sparser matrix, which
would mean that the increase in iteration time may be less, and the overall time
be lower. This point was not investigated further for this work and remains a
possible area of future study.

The formulations with a fixed value of 5 = 1 and different positive values of «,
appeared to perform well under the application of block diagonal preconditioning.
There was an improvement in the number of GMRES iterations required in the

case of boththea =1/ =1and a =¢ / = 1 formulations. The combination
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with the lowest number of iterations utilised this type of preconditioning, and one
of its great advantages is that the increase in the time per iteration was only small,
given that the preconditioning matrix is sparse. It is seen that the block diagonal
preconditioning lowered more greatly the iterations required in the case of a =€
/ B =1 (Juffer) over the « = 1 / § = 1 formulation. This is an interesting
observation and raises the question of what occurs for other values of a.

The direct formulation results show a few advantages over the other combina-
tions. It used much less memory and it also had a much lower time per iteration.
These two advantages can be explained because the formulation uses half the
number of boundary operators in comparison to the alpha-beta type formula-
tions. However, convergence was obtained with an elevated number of iterations,
when compared to other combinations. This means that although the time per
iteration is lower, the best total time was 52.7 % greater than that of the fastest
overall combination. This best time was obtained with the use of the direct for-
mulation with weak form discretisation and block diagonal preconditioning. The
application of this preconditioning type improved greatly the convergence, taking
just 87 iterations. On the other hand, if no preconditioning was applied then the
200 iteration limit was reached before the desired tolerance could be obtained.

Memory usage is very close for all alpha-beta type formulations, with only a
low variation between them. In the case of the direct method memory usage is
noticeably lower, which is to be expected given that it only requires two bound-
ary operators, where as the other formulations have 4. As a comparison, some
calculations were performed using different alpha-beta formulations with dense
operator assembly, the memory usage in these cases was ~ 60 [GB|, much higher
than was used with FMM assembly. The results above do not give information
about the change in RAM usage as the number of elements increases. However,
this shows the use of FMM is very economical on RAM usage, even with the num-
ber of elements tested, and that the workstation used should be able to perform

calculations with meshes of much greater number of elements with ease. The

o4



extra usage of RAM by the alpha-beta formulations over direct is of no concern
at this number of elements and is almost a depreciable effect, given current com-
putational workstation specifications. In order to study memory usage depending
on the number of elements in the mesh, the same procedure as used to study
the mesh convergence was performed again, measuring the memory usage of each

mesh density. The results are shown in the following figure.
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Figure 7: Memory usage for different formulations and mesh densities

From these results it can be seen that for lower mesh densities there is a
greater disparity between the memory used by the different formulation, however,
the total usage of them all is relatively low. For higher mesh densities the usage
is more stable between the different formulations. The direct formulation used
about 20% less memory than the formulation with the highest usage. Even with
about 200,000 elements in the mesh the highest RAM usage was approximately

6.7[GB], not a very high value for modern computational hardware. Thus the
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point can still be made that although the direct formulation uses less memory;,
it is not in an amount that would make its usage immediately desirable over the
other formulations.

From all of these observations it was decided to further investigate the com-
bination of weak form discretisation with block diagonal preconditioning of the

alpha-beta formulation.

4.3 Sphere results

After the previous results showed that the combination with the lowest number
of iterations was weak form discretisation with block diagonal preconditioning of
the « =1 / B = 1 formulation. Also, the block diagonal preconditioning had a
great effect on the Juffer (« = € / f = 1) formulation, lowering the iterations
to 21, from the next best of 62. For these reasons it was decided to further test
these two combinations, this time using a sphere with a single point charge at its
centre. To test if the value of the charge, x or the size of the sphere had an effect
on the conditioning of the system, the potential was calculated using 3 different
sized spherical meshes with roughly the same number of elements. In one case
the value of the point charge was changed, and in the other the value of k. The

results are presented in the following two tables.
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Charge = 1.0

alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere i Sphere i
° Tc.)tal GMRES Number of Solvation ° Tc')tal GMRES Number of Solvation
Radius Time . GMRES Energy Radius Time . GMRES Energy
N Time [s] I X keal 1 N Time [s] I - keal 1
[A] [s] terations [kcal/mol] 1A [s] terations [kecal/mol]
15 144 105.5 5 -2.7193 15 144 105.5 5 -2.7192
35 157 118.5 5 -1.1750 35 173 133.8 6 -1.1750
68 154 115.1 5 -0.6072 68 206 167.8 8 -0.6072
Charge = 10.0
alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere i Sphere i
° TL:)tal GMRES Number of Solvation ° Tc')tal GMRES Number of Solvation
Radius Time . GMRES Energy Radius Time . GMRES Energy
N R Time [s] I S keal 1 N R Time [s] I L Kkeal 1
[A] [s] terations [kcal/mol] [A] [s] terations [kecal/mol]
15 142 104.8 5 -271.9251 15 144 106.9 5 -271.9244
35 161 119.4 5 -117.4985 35 176 136.4 6 -117.4989
68 157 115.7 5 -60.7238 68 206 166.4 8 -60.7242
Charge = 100.0
alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere . ati Sphere . ati
P ‘ T(')tdl GMRES Number of Solvation P ) T(?tdl GMRES Number of Solvation
Radius Time . GMRES Energy Radius Time . GMRES Energy
N . Time [s] Tterations keal 1 R : Time [s] Iterations keal 1
[A] [s] terations [kcal/mol] N [s] terations [keal/mol]
15 143 105.2 5 -27192.5114 15 142 104.1 5 -27192.4440
35 157 118.3 5 -11749.8452 35 173 134.0 6 -11749.8897
68 158 117.2 5 -6072.3819 68 208 167.3 8 -6072.4160
Table 9: Results of testing effect of different charge values on convergence.

Changes to the value of the point charge appear to have no effect on the
convergence of the system, as this required the same number of iterations for
the 3 different values tested. However, it can be noted that the a =1/ =1
formulation presented a varying number of iterations necessary for convergence,

depending on the radius of the sphere.
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x = 0.0625

alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere Total Solvation Sphere Total Solvation
Radius Time Energy Radius Time Energy
[A] [s] [kcal/mol] [A] [s] [kcal/mol]
15 143 -269.5963 15 143 -269.5941
35 155 -116.7412 35 174 -116.7410
68 139 -60.4636 68 173 -60.4638
k= 0.125
alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere Total Solvation Sphere Total Solvation
Radius Time Energy Radius Time Energy
[A] [s] [kecal/mol] [A] [s] [kcal/mol]
15 142 -271.9251 15 144 -271.9244
35 161 -117.4985 35 176 -117.4989
68 157 -60.7238 68 206 -60.7242
xk = 0.250
alpha = ep / beta = 1 (Juffer) alpha =1 / beta =1
Sphere Total Solvation Sphere Total Solvation
Radius Time Energy Radius Time Energy
1A] [s] [kcal/mol] N [s] [kcal/mol]
15 145 -273.8252 15 163 -273.8260
35 160 -117.9937 35 208 -117.9944
68 172 -60.8757 68 236 -60.8760

In this case a change to the value of kappa appeared to have an influence
on the convergence of both the tested formulations. Again, a dependency of the
radius of sphere on the number of iterations taken is also visible.

The linear system to be resolved in this problem can be written as Ax =
b, where the condition number of matrix A is what determines the amount of
iterations needed to reach the desired tolerance. Matrix A consists of 4 different
blocks and one would expect the top left and bottom right blocks to play an
important part in the conditioning of the entire matrix, this given that they

contain the elements that make up the diagonal of A. The top left block of the

alpha-beta formulation consists of

1
—int + aKe:pt - 51(1 + Oé),

Table 10: Results of testing effect of different s values on convergence.
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and is derived from equation (@) As for the bottom right block we have

B 1 B
To,— 2T, — —I(1+ 2. 125
t— et =5 ( +€> (125)

Taking the double layer (K') boundary operator, defined in section , and
simplifying for the case of a sphere of radius R with single centred point charge,

omitting the potential, yields

| 1
Kt = — ds = ———=4rR* = —1 12
" T R? /F $= et ’ (126)

Kepy = — AnR? = —e*B(kR41). (127)

e "(kR +1) /d B _e‘“R(ﬁR +1)
47 R? r °T 41 R?

It can be seen that although internal operator is constant, the exterior operator
has a dependency on xR factor. This could explain why changes in these values
affect the conditioning of the whole system. This same dependency is mirrored
with the internal and external adjoint double layer operators, with 7}, being
constant and T,,; depending on xkR.

The value of k is a constant that reflects a physical property (the concentration
of salt in the exterior domain) and so often does not vary far from the base value
(0.125 [A=1]) used for these calculations. It was decided to focus on how changes
in the radius of the sphere and the value of a used, affect the conditioning of the
system. Using the same combination of formulation and preconditioner (Block-
Diagonal with alpha-beta) the solvation energy of spheres with increasing radii
was calculated, this was done for a varity of values of o. These spheres contained
a single point charge at their centres with a value of 10 [e”]. The spheres were of
radii ranging from 15 to 240 [A]. The number of elements of the generated meshes
was kept constant at 8988 elements and 4496 vertices. The value of g was fixed

at =1 and a took a series of values between 1 and 100.
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Figure 8: Converge of sphere with single point charge of different radii [ A] for a variety
of values of «

From the graph it can be seen that with higher values of alpha, the radius
for which the least number of GMRES iterations increases. This is an interesting
indication, as it suggests that the size of the biomolecule for which one wishes to
calculate the solvation energy, could have an effect on which is the best formulation
to use. For example, when o = 1 the lowest number of GMRES iterations occurs
for a radius of 15, while for & = 100 the lowest iterations are for radii 120 and 240.
Another observation is that the Juffer formulation (o = 20) the lowest iterations
occur for the radii 15, 30 and 60 [A], this shows a larger range of radii where it
performs well in combination with the block diagonal preconditioner.

Looking at equations () and () it can been seen that the o and S pa-

rameters have an effect on the diagonal dominance of the corresponding blocks.

In the case of the results above, when the value of « is increased the dominance of
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the diagonal of the top left block becomes greater, and this seems to aid converge
of larger spheres. This altering of the diagonals could explain the different conver-
gence behaviour as the radius increases, scaling the blocks in a way that maintains
the conditioning of the entire matrix. To further understand this, greater anal-
ysis of the matrix is required, possibly through the calculation of the condition
number for a problem with few elements, or the study of the singular values and

their grouping, something that has been commented on in other publications []

4.4 Increasing molecule size

To get data on the convergence of other real molecules with different values of «,
the solvation energy was calculated for 6 proteins of different sizes. The proteins

used were 1BPI, 1LYZ, 1A7M, 1X1Z, 4LGP and 1IGT, and their surface meshes

are shown in the following figure.

TN

Figure 9: Surface meshes of the 6 different proteins that were used. From left to right
these are, 1BPI, 1LYZ, 1A7M, 1X1Z, 4LGP and 1IGT

Again this was using the weak form - block diagonal preconditioning combi-
nation that has shown to use the least iterations (other than exterior Calderén
projector) and low total time. Meshes were produced for each of the proteins such
that the number elements of each mesh was between 100,000 and 111,000. The
solvation energy was then calculated for each molecule 4 times, using different
values of a. Data on the total time taken, GMRES time, GMRES iterations and

the calculated energy was collected, and is presented in the following tables.
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1BPI

Number of Total GMRES Number of Solvation Alpha
Time [s] Time [s] GMRES Energy [kcal/mol]  Value
Mesh Elements Iterations &y
100616 402 290 16 -360.142841 1
100616 513 398 21 -360.165934 20
100616 539 429 23 -360.166574 40
100616 812 699 39 -360.167131 80
1LYZ
Number of Total GMRES Number of Solvation Alpha
Time [s] Time [s] GMRES Energy [kcal/mol]  Value
Mesh Elements Iterations &y
107432 469 339 17 -570.282628 1
107432 565 435 22 -570.365256 20
107432 661 532 27 -570.368163 40
107432 811 680 35 -570.369565 80
1A™

Number of Total GMRES Number of Solvation Alpha
Time [s] Time [s] VS Bergy [keal/mol]  Val

Mesh Elements e s e s Iterations nergy [keat/mo ate
107436 523 376 18 -630.481876 1
107436 616 473 23 -630.614399 20
107436 703 564 28 -630.619064 40
107436 858 718 37 -630.621495 80

Table 11: Calculations of solvation energy using larger real molecules and alpha-beta

formulation.
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1X17

Number of Total GMRES Number of Solvation Alpha
Time [s] Time [s] GMRES Energy [kcal/mol]  Value
Mesh Elements Iterations &y
110924 647 420 20 -1670.12656 1
110924 722 503 24 -1670.9009 20
110924 818 594 30 -1670.92112 40
110924 1064 839 42 -1670.93151 80
4LGP
Number of Number of ,
umber o Total GMRES Solvation Alpha
Time [s] Time [s] GMRES Energy [kcal/mol]  Value
Mesh Elements Iterations &y
108632 852 548 26 -2321.32631 1
108632 772 482 23 -2327.40112 20
108632 958 658 32 -2327.65179 40
108632 1084 792 40 -2327.78149 80
1IGT
Number of Total GMRES Number of Solvation Alpha
Time [s] Time [s] GMRES Energy [kcal/mol]  Value
Mesh Elements e s e s Iterations &y
110200 1082 642 28 -5103.59537 1
110200 933 516 23 -5133.9429 20
110200 1079 671 30 -5135.20348 40
110200 1285 871 40 -5135.84608 80

Table 12: Calculations of solvation energy using larger real molecules and alpha-beta
formulation. (Cont.)
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It can be seen that for the 4 smaller molecules the value of o with the lowest
time and iteration count is a = 1, but for the two larger molecules this occurs
for « = 20. In this case, given the parameters used, o = 20 corresponds to the
Juffer formulation. These results are very interesting as they also seem to suggest
that the value of a can be fine tuned, depending on the size of the biomolecule, in
order to obtain a more well-conditioned system, that can be resolved in less time
and iterations. The results do not show whether values higher than o = 20 work
better in any cases, this may be because the molecules tested do not have the size
to show this, or that the Juffer formulation is best for all larger molecules.

Biomolecules have shapes that are rarely spherical and so it is difficult to com-
pare their size to the spheres tested. Two methods were used in order to estimate
a characteristic radius of the molecules and compare their size and convergence
pattern to the sphere case. First, taking the surface area of the molecules and as-
suming that they were a sphere, the radius was calculated as R = 4/ w.
Secondly, again assuming the molecule to be a sphere but this time using its

volume, obtaining R = </ 3 volume g molecule ~ The calculated values for each of the

biomolecules is presented below.

Surface Radius calculated Radius calculated

Molecule area [A2]  from surface area [A] Volume [A°] from volume [A]
1BPI 3246.4 16.1 7109.4 11.9
1LYZ 5652.7 21.2 15924.5 15.6
1AT™™ 7984.2 25.2 21598.0 17.3
1X17 14054.5 33.4 54713.8 23.6
4LGP 28450.9 47.6 96024.8 28.4
1IGT 53263.8 65.1 168135.0 34.2

Table 13: Estimated radii of biomolecules, based on assuming them to be sphere like.
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There are large differences between the estimated radii given by the two meth-
ods. This does not give a clear picture to compare the convergence of the spheres
in the previous section with these real molecules. However, it can be seen that
these molecules are not of a particularly "large” size, and so the possible cross over
to a higher value of o performing better than the Juffer formulation may require
the use of a larger biomolecule to be seen. Further testing would be required on
larger bodies in order to see if the trend observed with the spheres also occurs for
real molecules. However, these results along with those performed on the sphere

suggest that better convergence can be achieved by fine tuning the value of a.
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5 Conclusions

In this work we studied the implicit solvent Poisson-Boltzmann model and applied
it to the case of electrostatic interactions of biomolecules in an ionic solution
(water with salt). The boundary element method (BEM) was then applied to the
resulting system of equations, obtaining the internal and external representation
formulas. From these different formulations were obtained, two of these (direct
and Juffer) having been previously documented. A more generalised version of
Juffer was derived, based on the parameters o and §. Along with this, different
possible preconditioners were identified from previous work.

Various tests were performed with combinations of the preconditioners and
formulations. Computational parameters, such as total time taken, RAM used
and iterations required, were recorded and then used to determine the pros and
cons of each combination. At this stage the best combination appeared to be
weak form o« =1 / f = 1 with block diagonal preconditioning, taking the least
amount of iterations and almost the lowest total time. Calderén preconditioning,
although producing the combinations with the lowest iteration counts, caused
large increases in time per iteration which led to longer overall times.

Further tests performed on a simplified sphere problem showed how the gen-
eralised alpha-beta formulation reacted to changes in the values of the charge, s
and the radius. This lead to the observation that the radius and x have an effect
on the convergence of the system, and that the value of « can be fine tuned to
obtain the quickest convergence, depending on the radius of the sphere.

Finally, the generalised alpha-beta formulation was tested on larger biomolecules.
This again showed that the best value for o appears to depend on the size of the
solute region. However, more study is needed to understand fully the reason
behind this and how best to use it.

Further research is required to find a rule to aid selection of the absolute best

combination given a particular biomolcule, perhaps through a characteristic size
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or other parameter. However, the best combination for the smaller biomolecules
tested in this work was weak form o = 1 / f = 1 with block diagonal precondi-
tioning, and for the case of the larger molecules it was weak form o =¢ / =1
(Juffer) with block diagonal preconditioning. Another interesting point, is that if
a method could be determined to lower the increase in time per iteration of the
Caldéron preconditioning, it could be a faster overall combination, given that it

can greatly improve the number of iterations required in certain cases.
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