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by Felipe Alejandro Pérez Riffo

Interlayer rotation and stacking between the layers in two-dimensional atomic
materials generates diverse properties and correlated phenomena. This work shows
that by stacking two ABC trilayers with a rotation angle between them, transforms
the system into a semiconductor with a gap about 30 meV. Flat bands persist even
for large angles and the localization of electrons follows the same pattern as on tri-
layer ABC. A tight-binding model reveals the charge redistribution in the layers as
a function of the angle. Below two degrees of rotation, the charge escapes from the
rotated layers and AA zones and goes to the outer layers; this is a general trend
for any trilayer ABA with one of the outer layers rotated. We explain this behav-
ior with a simple toy model. Our findings shed light on some peculiarities of tri-
layer graphene and contribute to understanding correlated phenomena in graphene
multilayers. This study advances knowledge on rotation, stacking, and electronic
properties of two dimensional systems, paving the way for future applications.
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Chapter 1

Introduction

1.1 General background: graphene isolation

Since the experimental isolation of graphene by mechanical exfoliation in 2004 by
Novoselov et al. [1], the field of materials science has experienced exceptional progress.
Andre Geim and Konstantin Novoselov won the 2010 Nobel Prize in Physics for
their groundbreaking work on graphene. To date, new techniques for the synthesis
of graphene monolayers have been developed, such as mechanical exfoliation, ther-
mal decomposition of SiC, chemical vapor deposition, molecular beam deposition,
and unzipping carbon nanotubes [2]. In the period 2005-2010 alone, more than 5000
articles were published on the electronic properties of graphene [3], evidencing the
rapid interest of the scientific community in understanding the characteristics of this
new material. The fast uptake of interest in graphene is due primarily to a number
of exceptional properties that it has been found to possess. These properties range
from the observation of the integer quantum hall effect [4], excellent conducting
properties, to the fact that the charge carriers in the monolayer are massless chiral
quasiparticles with a linear dispersion, as described by a Dirac-like effective Hamil-
tonian.

1.2 Evolution to graphene multilayers systems

This initial phase of research laid the groundwork for the exploration of more com-
plex systems. Interest naturally expanded to graphene bilayers, where two monolay-
ers are stacked. This study provided insight into how interlayer interactions affect
electronic properties. Such interactions cause the charge carriers in the bilayer at low
energies to behave as massive chiral quasiparticles, with parabolic dispersion. Even-
tually the study was extended to multilayer systems, with a range of possibilities of
stacking each monolayer one on top of the other and with this, the appearance of
superconducting and correlation phenomena in various systems, which will be dis-
cussed in the next chapter.

In addition to the study of multilayers, the study of a new branch called twistron-
ics arises, in which in addition to the stacking of the layers, a rotation between them
is introduced, and with this new properties of interest appear that the monolayers
separately or the multilayers without rotation do not possess, expanding the range
of possibilities of study in the physics of two-dimensional materials.

The introduction of rotation in layered structures introduces a remarkable degree
of tunability in electronic, optical, and even mechanical properties. By altering the
angle of rotation, researchers gain unprecedented control over the interlayer cou-
pling, leading to the emergence of moiré patterns and flat electronic bands. The
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interplay between stacking order and rotation angle becomes a pivotal factor, open-
ing up an expansive landscape for the exploration of correlated electron phenomena
and the manipulation of material properties.

Notably, the twistronics framework has demonstrated its potential in generat-
ing unconventional superconductivity, Mott insulating states, and other intriguing
phases, providing a rich playground for researchers to delve into emergent quan-
tum behaviors. This dynamic interplay between rotation and stacking has propelled
twistronics into the forefront of materials science, offering a promising avenue for tai-
loring the properties of two-dimensional materials with unprecedented precision.
The ensuing chapters will delve deeper into the outcomes of this exciting explo-
ration, shedding light on the intricate interplay between rotation, stacking, and the
resulting electronic properties.

1.3 Outline

This thesis are organized as follows: Chapter 2 starts with a general review of the
mathematical formalism of systems based on graphene monolayers, starting from
the study of a single monolayer, to the study of rotated multilayer systems, review-
ing the tight-binding models used and the band structures obtained from this model
for the different systems that serve as a basis for the main objective of this work.
Then in Chapter 3 the main results of this thesis are presented, and specifically the
electronic and transport properties of a twisted double ABC trilayer graphene, to-
gether with the subsequent analysis of its band structure and charge distribution.
Finally in Chapter 4 the conclusions drawn from the results are discussed, offering
insights into the implications of these findings and outlining potential avenues for
future research in this field.
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Chapter 2

Theoretical formalism

This chapter delves into the theoretical foundations essential for understanding the
electronic intricacies of graphene multilayers and their twisted counterparts. We
commence this exploration with an overview of carbon-based structures, from mono-
layer graphene to intricate twisted multilayers. The section unfolds with a focus on
tight-binding models, providing a fundamental framework for comprehending the
electronic behavior at various structural levels.

The subsequent discussions encompass bilayer and trilayer graphene, detailing
stacking arrangements like ABA and ABC. As we navigate through the theoretical
landscape, the emergence of twisted multilayers introduces moiré superlattices and
a nuanced examination of the band structure. This comprehensive journey culmi-
nates in an exploration of electronic localization, local density of states, and struc-
tural lattice relaxation. The chapter concludes with an introduction to the specific
system under scrutiny – twisted double ABC trilayer graphene. Through this the-
oretical lens, we lay the groundwork for unraveling the intriguing electronic phe-
nomena presented in subsequent chapters.

2.1 Carbon based structures

Systems made of carbon atoms are of particular interest for the study of a large vari-
ety of physical properties, due the flexibility of its bonding. These physical proper-
ties emerges, in gran part, because of the dimensionality of these structures. Among
these systems, the monolayer graphene, a 2D allotrope of carbon, play an important
role, since it can be viewed as the basis for all the others systems based on carbon
atoms; such as fullerenes, nanotubes and multilayers graphene structures [5, 6].

In addition to their fundamental importance, carbon systems exhibit exceptional
mechanical properties, strength and fascinating electronic and optical properties.
Research in this area has experienced a significant increase in interest, highlight-
ing recent discoveries that have broadened our understanding of these materials. In
a broader context, carbon-based structures have potential applications in technolog-
ical fields such as nanotechnology, advanced electronics and the exploration of new
energy sources.

To better understand these properties, it is essential to have insight into the un-
derlying atomic structure. In the case of graphene, its unique hexagonal arrange-
ment of carbon atoms contributes fundamentally to its exceptional properties. In
this chapter, we will explore in detail various carbon structures, from graphene to
multilayer graphene structures, and discuss their physical, electronic, and structural
properties.
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2.2 Monolayer graphene

Graphene is a two-dimensional lattice with carbon atoms arranged in a hexagonal
honeycomb lattice. This structure can be seed as a triangular Bravais lattice with a
basis of two inequivalents atoms in the unit cell, denoted by A and B, as are shown
in Figure 2.1. This inequivalence can be see considering their nearest neighbour
vectors, wich require a parity flip (i.e, the position vector transforms from r → −r)
between A and B sites. The primitive lattice vectors are

a1 =
a
2

(
3,
√

3
)

, a2 =
a
2

(
3,−

√
3
)

, (2.1)

where a = 1.42 Å is the distance between carbon atoms. The reciprocal lattice vectors
are therefore

b1 =
2π

3a

(
1,
√

3
)

, b2 =
2π

3a

(
1,−

√
3
)

. (2.2)

Each lattice site has three nearest neighbors, separated by

δ1 =
a
2

(
1,
√

3
)

, δ2 =
a
2

(
1,−

√
3
)

, δ3 = −a(1, 0), (2.3)

while the six second-nearest neighbors are located at δ′1 = ±a1, δ′2 = ±a2 and δ′3 =
±(a2 − a1).

FIGURE 2.1: Hexagonal lattice of graphene and its Brillouin zone.
Left: lattice structure of graphene, made out of two interpenetrating
triangular lattices, with a1,2 are the lattice vectors; and δ1,2,3 are the
nearest-neighbor vectors of the atoms in the unit cell. Right: corre-
sponding Brillouin zone with reciprocal lattice vectors b1,2 and the

high simmetry points [5].

The high symmetry points M, K and K′ are located at the corners of the graphene
Brillouin zone (BZ). The points K and K′ are referred to as the Dirac points or “val-
leys” due to the dispersion relations of graphene around these points, which we
shall see later. Their positions in momentum space are given by

M =
2π√

3a
(1, 0), K =

2π

3a

(
1,

1√
3

)
, K′ =

2π

3a

(
1,− 1√

3

)
. (2.4)

In the BZ exists three equivalents K points and three equivalent points K′; the
inequivalent between the K and K′ points is associated to two inequivalent lattice
sites in the unit cell.

Each carbon atom have six electrons, two of which are in the core 1s orbital and
can be disregarded as they do not contribute to bonding or transport. The remaining
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four are in the outer 2s-2p orbital shells, and the fundamental key to the structural
and electronic properties of graphene and other structures lies on the sp2 hybridisa-
tion between the s and p orbital electrons [2, 5, 7]. The s, px and py orbitals hybridise,
and this combination forms the σ-bond between atoms. These σ-bonds between car-
bon atoms are separated by 1.42 Å, and oriented with mutual angles of 120° in the
xy-plane, producing a trigonal planar structure. The remaining unhybridised pz
electron orbital, which is oriented in the z-direction (out of the plane) forms cova-
lent bonds with neighbouring atoms, constituting the π-bond. Each atom has one
of these π-bonds, which are then hybridized together to form what are known as
the π-band and π∗-bands [2], which plays a fundamental role in the most of the
electronic properties of graphene.

2.2.1 Tight-binding model

In tight-binding (TB) approximation, the electronic spectrum of graphene can be
derived by considering the π orbitals and charge carriers hopping from lattice sites
to their nearest and next-nearest neighbouring atoms [5]. Therefore, the appropiate
tight-binding Hamiltonian is

H = −γ0 ∑
⟨i,j⟩

(
a†

σ,ibσ,j + H.c.
)
− t′ ∑

⟨⟨i,j⟩⟩,σ

(
a†

σ,iaσ,j + b†
σ,ibσ,j + H.c.

)
, (2.5)

where a†
σ,i(aσ,i) create (annihilates) an electron with spin σ(σ =↑, ↓) on site Ri on sub-

lattice A (an equivalent definition for the sublattice B), γ0 is the nearest-neighbor
hopping energy between different sublattices and t′ is the next-nearest neighbor
hopping energy in the same sub-lattice. The value of γ0 used in the literature is
γ0 ≈ 2.7 eV, and the value for t′ can be derived by ab initio calculations, from which
it has been found that 0.02γ0 ≤ t′ ≤ 0.2γ0 [5].

The solution of this Hamiltonian give us the dispersion relation for the energy,
given by

E±(k) = ±γ0

√
3 + f (k)− t′ f (k), (2.6)

where f (k) is

f (k) = 2 cos (
√

3kya) + 4 cos

(√
3

2
kya

)
cos

(
3
2

kxa
)

, (2.7)

and a is the lattice constant. This dispersion relation is shown in Figure 2.2. Positive
energy states correspond to the π∗ band an negative states to the π band. A zoom-
in on the K point reveal a band touching with a lineal dispersion. Thus, graphene
monolayer is a gap-less semiconductor, with a linear, rather than quadratic, long
wavelength energy dispersion.
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FIGURE 2.2: Band structure of graphene monolayer. Left: Disper-
sion relation for graphene monolayer. Right: Zoom-in on the Dirac
point K, representing the Dirac cone and the linear dispersion near

this point. Adapted from [3].

Expanding the Hamiltonian (2.5) near the K(K′) point and neglecting t′ gives the
following effective Hamiltonian

H = h̄vF

(
0 kx − iky

kx + iky 0

)
= h̄vFσ · k, (2.8)

where k is the momentum of the quasi-particle measured respect the Dirac points,
σ are the Pauli matrices and vF is the graphene charge carriers velocity, which has
a value of vF ≈ c/300, with c the light velocity. This Hamiltonian is called Dirac-
like, because the similarity with the description of electron in high-energy physics.
Therefore, equation (2.8) is the equation for mass less chiral Dirac fermions in 2D
where the speed of light has been replaced by vF. Many of the interesting properties
of graphene can be mapped back to this unique dispersion.

2.3 Bilayer graphene

Bilayer graphene (BG) consist in a two monolayers placed one on top of the other.
The unit cell of the bilayer contains four atoms, labelled A1, B1 on the lower layer
and A2, B2 on the upper layer. The stacking of the layers are called Bernal or “AB”,
and is such that one of the atoms Ai from the upper(lower) layer, has directly an
atom below(above) it from the other layer, as is shown in Figure 2.3. In contrast,
type Bi atoms have neither upper nor lower neighbors. In general, three atoms of
the hexagon are of type A and three are of type B. The lattice vectors of this structure
are the same of the monolayer: a1 = a0

2

(
−1,

√
3
)

, a2 = a0
2

(
1,
√

3
)

, where a0 = 2.42

Å. In addition, the bilayer is symmetric with respect to spatial inversion symmetry
(x, y, z) → (−x,−y,−z) [8–10]. The distance between layers is c ≈ 3.35 Å.
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FIGURE 2.3: Left: Top view of the BG. Right: Side view of the unit cell
of BG.[11]

2.3.1 Tight-binding model

The tight-binding model for bilayer graphene can be constructed considering 2pz
orbitals on the four atomic sites of the unit cell, labelled as j = A1, B1, A2, B2 [8].
Then, the matrix of the tight-binding Hamiltonian is given by

H =


V −γ0 f (k) γ1 −γ3 f (k)

−γ0 f ∗(k) V −γ3 f ∗(k) 0
γ1 −γ3 f ∗(k) −V −γ0 f (k)

−γ3 f (k) 0 −γ0 f ∗(k) −V

, (2.9)

where V is the potential in both layers, and the hoppings terms (see Figure 2.3(b))
are defined as:

γ0 = ⟨ϕA1| H |ϕB1⟩ = ⟨ϕA2| H |ϕB2⟩ , (2.10)
γ1 = ⟨ϕA1| H |ϕA2⟩ , (2.11)
γ3 = ⟨ϕA1| H |ϕB2⟩ = ⟨ϕB1| H |ϕA2⟩ , (2.12)

where ϕj are the orbital on the different lattice sites and H is the Hamiltonian. In
other words, the hopping γ0 represent the interaction between the atoms on the
same layer, γ1 the overlap to nearest-neighbors between different layers and γ3 the
next-nearest neighbors hopping.

The band structure of the bilayer graphene obtained from equation (2.9) is shown
in the left side of Figure 2.4. Plots were made using the following tight-binding pa-
rameters: γ0 = −2.65 eV, γ1 = 0.48 eV, γ3 = 0 eV, V = 0 eV. Is clear the parabolic
dispersion near the K(K′) points, unlike de lineal dispersion seen in the monolayer
(see Figure 2.1). Thus, the bilayer graphene is a gapless semiconductor, and, more-
over, this gap can be tunable with an external potencial perpendicular to the layers,
as is shown in the right side of the Figure 2.4). This tunability in the gap has been
experimentally proven by several groups, both from an applied external field [12–
14] as well as from a molecular doping of the layers [15, 16]. This ability to open
a gap makes bilayer graphene interesting for technological applications. Moreover,
in Bernal bilayer graphene has been found experimental evidence of isospin mag-
netism and spin-polarized superconductivity [17], and a enhanced of superconduc-
tivity by placing tungsten diselenide (WSe2) on top of the bilayer [18]; the interplay
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with WSe2 leads to a significant, global enhancement of superconductivity: it ap-
pears even in the absence of a magnetic field.

0 1 2 3 4
ky-10

-5

0

5

10
E(eV)

KΓ M K'
1.4 1.5 1.6 1.7 1.8 1.9 2.0

ky-2

-1

0

1

2
E(eV)

FIGURE 2.4: Left: Band structure of bilayer graphene (eq.(2.9)). Right:
Zoom in to the Dirac point and comparison of the bands for an ap-

plied external potencial.

2.4 Trilayer graphene

Trilayer graphene consists of three monolayers stacked one of top of each other. The
basis stacking of the two lowers layers is AB or Bernal, so that we find two pos-
sible configurations for the trilayer emerge depending on how the upper layer is
arranged. Each one of them has a completely different electronic properties. In the
following sections we detail their structure and the corresponding dispersion rela-
tion obtained from the tight-bindig model.

2.4.1 ABA and ABC stacking

Starting with a Bernal stacking, its possible to construct two types of trilayer: ABA or
Bernal, and ABC or rhombohedral. The ABA stacking of the layers, shown in Figure
2.5(a), is such that the atoms of the topmost layer lies exactly on top of those of the
bottom layer, and have mirror reflection symmetry about the center layer along the
z-direction. In the ABC stacking, one sublattice of the top layer lies above the centre
of the hexagons in the bottom layer, as is shown in Figure 2.5(b). In addition, ABC
trilayer posseses inversion symmetry, but lacks mirror symmetry.



Chapter 2. Theoretical formalism 9

FIGURE 2.5: (a) Structure of ABA trilayer graphene. (b) Structure of
ABC trilayer graphene. (c) Tight-binding diagram for ABA trilayer.

(d) Tight-binding diagram for ABC trilayer. [19].

To obtain the band structure of the trilayers, a tigth-binding Hamiltonian can
be constructed in a similar way to the bilayer. Basically consist in constructing the
following matrix Hamiltonian

H =

 H1 T T′

T∗ H2 T
(T′)∗ T∗ H3

, (2.13)

where Hi, i = 1, 2, 3 are the monolayer tight-binding Hamiltonians, and T, T′ are the
interacting matrix between the layers. As in shown in Figures 2.5(c) and 2.5(d), only
the parameter γ0 between the same layer and γ1 between direct neighbors between
layers are considered.

The band structure of the trilayers near the K point are shown in Figure 2.6. On
one hand, the energy dispersion of ABA trilayer consists of both monolayer-like and
bilayer-like subbbands, and an application of an external potential does not open a
gap, and moreover, increase the overlapping between the bands. On the other hand,
the ABC stacking present a zero gap band structure without a external field, but the
presence of a potential perpendicular to the layers can possibly open and control the
gap. These effects have been studied both theoretically [20–22] and experimentally
[19, 23–28], confirming the controllability of the gap in the ABC trilayer, as well as
the no gap-opening for the ABA trilayer.
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FIGURE 2.6: Left: Band structure of ABA trilayer graphene. Right:
Band structure of ABA trilayer graphene with optical transitions. In
green are shown the dispersion relation without a external potential,
and in red the dispersion with an external field perpendicular to the

layers. [19].

In addition to the properties explained above, recently, has been found super-
conductivity in the ABC trilayer graphene [29]. This group found experimental evi-
dence of two superconductivity regions, called SC1 and SC2, and arise near a phase
transition break in the system. This superconductivity emerges at temperatures be-
low Kelvin, where it reaches values between 90-150 mK for SC1 and up to 20 mK
for SC2. A dependence of this superconductivity on the applied external magnetic
field, both perpendicular and parallel to the layers, is also observed. Several theories
have been proposed to account the effective interaction between electron in this su-
perconducting state: electron-phonon coupling [30], spin fluctuations near an anti-
ferromagnetic phase [31, 32], direct coupling by the screened Couloumb interaction
[33], pairing mediated by the proximity to a correlated insulator [34], or repulsive
interactions due to the long-range Coulomb repulsion [35].

2.5 Twisted multilayers

In the preceding sections, we delved into the theoretical formalism of monolayer and
multilayer graphene without introducing relative rotation between the layers. How-
ever, when these layers are stacked with a certain rotation angle between them, an
intriguing set of electronic properties emerges, giving rise to a novel network known
as moiré superlattices. This phenomenon has become a focal point of investigation
due to the unique electronic structures it engenders.

The introduction of a relative rotation angle between layers introduces a new di-
mension to the electronic properties of these systems, presenting an exciting avenue
for exploration. This section aims to develop the theoretical framework for under-
standing these rotated multilayer systems. We will explore the construction of new
unitary supercells to accommodate the rotation and elaborate on the tight-binding
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model to be employed. Furthermore, we will delve into the detailed electronic prop-
erties of various rotated multilayer systems.

The study of twisted multilayers is not only an extension of our previous work
on non-rotated structures but also a crucial exploration into a realm where new phe-
nomena and behaviors manifest. Researchers are drawn to these systems for their
potential applications in diverse fields, ranging from electronics to materials science.
Recent advances in this area have unveiled exciting possibilities, and as we delve
into this section, we will also touch upon current challenges and open questions that
drive the ongoing exploration of these fascinating structures.

2.5.1 Moiré superlattices

Moiré superlattices arise from the intricate interplay of two-dimensional materials,
such as graphene, when stacked with a specific angle of rotation between them. This
unique configuration gives rise to Moiré patterns, characterized by a much higher
periodicity than that observed in the parent graphite structure. The formation of
Moiré patterns is a visually striking manifestation of the quantum mechanical inter-
ference between the layers, leading to a modulation in the local electronic density
and potential landscape.

These Moiré superlattices are not merely aesthetic; rather, they bring forth a
plethora of fascinating electronic properties that are absent in the individual layers
themselves. The rotational alignment introduces a new level of complexity, resulting
in phenomena such as superconductivity, magnetism, topological edge states, and
correlated insulator phases [36–38]. Understanding and manipulating these emer-
gent properties has become a key focus of research, driven by the potential applica-
tions in various technological domains.

To delve deeper into the intricacies of Moiré superlattices, it is crucial to explore
specific examples of these emergent properties. For instance, recent studies have un-
veiled the coexistence of superconductivity and correlated insulator phases in cer-
tain twisted bilayer graphene configurations, providing valuable insights into the
rich tapestry of phenomena that can be engineered through precise control of stack-
ing and rotation angles [39, 40].

As we embark on the exploration of graphene multilayer systems with different
stacking arrangements and interlayer rotations in the subsequent sections, our aim
is to unravel the electronic nature of these materials and contribute to the expanding
knowledge base of these unique and promising structures.

2.5.2 Unit cell

To build the new unitary supercell, one can start from the simplest system in this
case: the Twisted Bilayer Graphene (TBG). Then, the procedure for the TBG can be
generalized to more layers in a simple way.

We initially start with two graphene layers in a Bernal or AB stacking, and a site
B is selected as the axis of rotation. This rotation is made in a commensurable way.
First, an atom is taken, from the layer to be rotated, which is in the position r =
ma1 + na2 with respect to the rotation axis, and we take it to position t1 = na1 + ma2,
also site of the initial lattice; where m and n are two integers. It directly follows that
the vectors r and t1 have the same modulo. This procedure is schematized in Figure
2.7(a).
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FIGURE 2.7: (a) Unit cell construction from an AB stacking. (b) Unit
cell of TBG with 28 atoms and a rotation angle of 21.8°.

If m and n are taken so that they are not divisible by each other we can choose the
vector t1 as one of the unit vectors of the supercell. This vector joint two equivalents
points in the new supercell, there not existing any other point of the previous lattice
in the same direction according to the choice of m and n, and a new equivalent point
in that direction will necessarily be an integer multiply of t1. This will allow, as will
be shown below, to obtain as a function of the lattice vectors of graphene and of m
and n the important quantities that characterize the unit cell as well as its Brillouin
zone.

Graphite has C6 rotational symmetry with respect to an axis perpendicular to it,
which means that a rotation of 60° of one of the layers recovers the initial state. Fur-
thermore, it can be shown that symmetric configurations around 30° are obtained,
so that only angles between 0 and 30° will be of interest for the calculation of the
electronic properties. The new supercell obtained after the rotation have the same
symmetry C6, so the second unit vector will be the one obtained by rotating t1 in 60°.
Thus, the two unit vectors of the new unit supercell will be given by

t1 = na1 + ma2, t2 = −ma1 + (n + m)a2, . (2.14)

with the same magnitud and equal to

|ti| =
√

n2 + mn + m2a0, i = 1, 2. (2.15)

The rotation angle θ between the layers can be obtained by the angle between the
vectors r and t1, and can be calculated from:

cos (θ) =
n2 + 4mn + m2

2(n2 + mn + m2)
. (2.16)

To calculate the number of atoms inside the unit supercell from the unit vectors
t1 and t2, first calculate the area expanded by these vectors, and then divide it by the
area of the unit cell of the bilayer graphene, and finally multiply it by the number of
atoms in the unit cell of the bilayer graphene, which is 4, obtaining finally

N = 4(n2 + mn + m2). (2.17)

For more layers, it should be multiply by the number of atoms in the unit cell of that
configuration without rotating, for example for the trilayer multiply by 6, for four
layers multiply by 8 and so on.
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The reciprocal lattice vectors are then given by

G1 =
2π√

3a0(n2 + mn + m2)
(n + 2m,−n

√
3), (2.18)

G2 =
2π√

3a0(n2 + mn + m2)
(n − m, (n + m)

√
3). (2.19)

It directly follows the position of the high symmetry points K and M in the first
Brillouin zone, given respectively by

K =
2π√

3a0(n2 + mn + m2)
((n + m)

√
3, m − n), (2.20)

M =
π√

3a0(n2 + mn + m2)
(n + 2m,−n

√
3). (2.21)

The supercell for a rotation of 21.8°, with n = 2 and m = 1 is composed of 28
atoms, as is shown in Figure 2.7(b). Neverthless, the supercell for a smaller angle of
2.45° have 2188 atoms, this makes it difficult to calculate the electronic properties of
these supercells by first-principles methods.

The choose for n and m is in principle arbitrary, only with the condition that are
indivisible by each other; but in this work we choose m = n − 1. In Figure 2.8 is
shown the unit cell of TBG for n = 4 and m = 3.

AA

AB

BA

t

t

1

2

FIGURE 2.8: Unit supercell for TBG with a rotation angle θ = 9.43°
and N = 148 atoms. AA, AB and BA sites are highlighted.

With this election of n and m, it is clear to note that at one third of the diagonal
of the unit cell there is an AA site, at two thirds of the diagonal an AB site, and at
the ends of the cell there are BA sites. The difference between an AB site and a BA
site is that at the AB, an atom A is in the upper layer and in the BA the atom A in
in the lower layer. it can be shown that this is true for any n and m. There are other
sites of interest in the unit cell, which are intermediate between an AA site and an
AB or BA site. This sites are called SL (slip). It is possible to classify a site like AA
if the horizontal difference between the two atoms is less than δ, and the same for a
AB (BA) site, in that case when the atom in the upper (lower) layer is at distance less
than δ to te center of the hexagon of the bottom layer, where δ is a small parameter;
sites that do not comply with these two conditions will be classified as SL.
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Evidently, the numbers of types in the unit cell will vary according to the angle
of rotation chosen. In Figure 2.9 is shown the relative abundance of AA, BA and SL
sites in the unit cell in depende of the relative rotation angle (RRA). It is clear that
for angles near to 30° the sites in de unit cell then most of the sites are SL. However,
for small angles the number of SL sites decreases markedly, while BA and AA sites
grow, and most of them are BA sites.

FIGURE 2.9: Percentage of abundance of AA, AB and SL type sites in
the rotated unit cell as a function of angle [41].

2.5.3 Tight-binding model

The tight-binding model for twisted multilayers at low angles of rotation is obtained
using the model of Nam and Koshino [42]. The Hamiltonian is written as

H = ∑
i

∆i
∣∣Ri
〉〈

Rj
∣∣− ∑

i,j
t(Ri − Rj)

∣∣Ri
〉〈

Rj
∣∣+ H.c., (2.22)

where Ri is the atomic coordinate, |Ri⟩ is the wave function at site i, ∆i = ±20 meV is
the on-site term that takes a positive or negative value, depending on the layer; this
term is added to the model to address the crystal field related to a charge transfer
between layers; and t(Ri − Rj) is the transfer integral between atoms i and j, given
by

−t(d) = Vppπ(d)

[
1 −

(
d · ez

d

)2
]
+ Vppσ(d)

(
d · ez

d

)2

, (2.23)

and the explicit expression for the hopping parameters are

Vppπ(d) = V0
ppπ exp

(
−d − a0

r0

)
, (2.24)

Vppσ(d) = V0
ppσ exp

(
−d − d0

r0

)
, (2.25)
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where d = Ri −Rj is the distance between two atoms, and ez is the unit vector on the
z axis, V0

ppπ ≈ −2.65 eV is the transfer integral between nearest-neighbor atoms of
monolayer graphene which are located at distance a0 = a/

√
3 ≈ 1.42 Å, Vppσ ≈ 0.48

eV is the transfer integral between two nearest vertically aligned atoms, d0 ≈ 3.34 Å
is the interlayer spacing and r0 = 0.184a is the decay length of the interaction, with
a being the interatomic distance.

2.5.4 Band structure of twisted multilayers

This section will describe the band structure of two rotated multilayer systems,
which serve as the basis for the main system of this thesis.

Twisted bilayer graphene

The construction of the TBG is was shown in the section 2.5.2. It is logical to ask
how the electronic properties of this rotated system change in comparison with the
monolayer and the Bernal bilayer stacking.

FIGURE 2.10: Band structure of TBG (blue solid line) for six different
rotation angles: (a) 21,79°, (b) 9.43°, (c) 5.09°, (d) 2.00°, (e) 1.29° and
(f) 1.12°. In red dashed line is shown the band structure of graphene

monolayer for comparision.

In Figure 2.10 is shown the band structure obtained from the TB model through
the points Γ − K − M − Γ in the Brillouin Zone for six different rotation angles be-
tween the layers. For large angles, like in Fig. 2.10(a), (b) and (c), the the dispersion
is lineal near the K point, similar to what is observed in the graphene monolayer, as
is shown in red dashed lines. Moreover, the slope of the dispersion for the TBG is
always smaller than the monolayer, and as we will see below, this is related to the
velocity of the charge carriers in the twisted bilayer. For small angles close to 1°, a
rapid flattening of the bands is observed, where the slope of the linear dispersion
for the TBG approaches zero. For a rotation angle of 1.12°, the bands near the Fermi
level are completely flat.

This flat bands for low angles are related with a decrease in the Fermi velocity
of the charge carriers. They are of great importance in the study of two-dimensional



Chapter 2. Theoretical formalism 16

materials, since they are related to superconductivity, phase transitions and correla-
tion phenomena between electrons belonging to these bands [43, 44].

A renormalization of the Fermi velocity can be obtained from the quotient be-
tween the Fermi velocity in TBG and the corresponding Fermi velocity in monolayer
graphene, v(TBG)

F /v(G)
F , as a function of the twisting angle. This relation is plotted in

Figure 2.11.

FIGURE 2.11: Dependence of Fermi velocity in TBG v(TBG)
F and in

monolayer graphene v(G)
F with the rotation angle [45].

It is shown that the Fermi velocity in TBG is completely depleted for low angles.
This effect may suggest a strong correlation between the electrons present in the flat
bands, because their kinetic energy has been decreased. Indeed, strong-correlated
states and superconductivity has been reported in TBG for a magic angle of 1.1° [39]
(very close to the system in Figure 2.10(d)), and even though exhibit Mott-like insu-
lator states at half filling in this magic angle [40], evidencing the strong correlation
and localization of the electrons in the flat bands.

Twisted double bilayer graphene

Another interesting system of graphene multilayers is the twisted double bilayer
graphene (TDBG), a tetralayer graphene structure composed of two AB stacked
graphene bilayers with a relative rotation angle between them.

The band structure obtained from the TB model is shown in Figure 2.12 (a), (b)
and (c) for three different rotation angles, 3.9°, 2.3° and 1.6° respectively. It is clear to
note that the TDBG is a semiconductor with a gap between the valence and conduc-
tion bands, and this gap depends on the twist angle between the bilayers. Moreover,
for low angles, close to the magic angle in the TBG, the system have flat bands near
the Fermi Level, as is shown in Figure 2.12(c), with a rotation angle of 1.6°. This gap
between the valence and conduction band becomes indirect, as marked in dashed
lines in Figure 2.12(c). Figure 2.12(d) shows the angle dependence of the gap in the
K point (red triangles). It shows a monotonically decreasing behavior as the rotation
angle decreases, with a sharp drop for angles below 5°.
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FIGURE 2.12: (a),(b),(c) Band structures of TDBG for three different
rotation angles. The red dashed lines in (c) indicates the indirect gap.
(d) The value of the gap as a function of the angle. In the inset shift of

the Dirac cone in TBG. [46]

Moreover, the gap found in the band structure for the TDBG can be controlled
by an external potential perpendicular to the layers, as shown in Fig.2.13. This is a
crucial difference with the TBG [46], where an external field does not open a gap, but
breaks the degeneracy of the bands by shifting one upward and the other downward
one up and the other down in the applied potential value..

FIGURE 2.13: Band structure of TDBG for an angle of 1.16°, (a) with-
out external electric field; (b) with a perpendicular electric field of 6

mV/Å[46].

In recent experiments at the DTBG, correlated states associated with these flat
bands have been found, observing insulating states at a half-filled and quarted filled
conduction band in an intermediate range of displacement fields [47–50].
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2.6 Local density of states

The local density of states (LDOS) at site r can be obtained by the retarded Green
function Gret

0 = (ε − H + iη)−1 [51]:

ρ(r, ε) = − 1
π

Im
{

Gret
0 (r, r, ε)

}
, (2.26)

where η is an infinitesimal parameter. To obtain the value of the LDOS is necessary
integrate in all the Brillouin zone. If this cannot be done analytically, a grid of points
in the Brillouin zone can be made as suggested by Monkhorst-Pack [52]. Appendix
A describes the procedure for obtaining the Monkhorst-Pack point grid.

With the definition of the LDOS, the density of states (DOS) of the system is given
by

N (ε) = − 1
π

Im
{

Tr
{

Gret
0 (r, r, ε)

}}
. (2.27)

In two dimensions a saddle point in the electronic band structure leads to a diver-
gence in the density of states, also known as a Van Hove singularity (VHS). When
this VHS is close to the Fermi energy (EF), interactions are magnified by the en-
hanced DOS, which can give rise to new phases of matter and collective phenomena
[53, 54].

2.7 Electronic localization

A distinctive feature characterizing TBG is the pronounced localization of electrons
in the AA region of the unit cell. This localization within the AA stacking config-
uration stands as a hallmark phenomenon, playing a pivotal role in the emergence
of electronic correlations within the material. The majority of the charge associated
with the two highest valence bands tends to concentrate in this specific region [55,
56].

To scrutinize the transformation of electronic localization with diminishing ro-
tation angles, we employ the Tight-Binding (TB) Hamiltonian. Our focus lies in
assessing the projection of states from the two highest valence bands (HVB) onto
each layer, providing insights into the evolving charge distribution. This is achieved
through the expression:

nl = ∑
j∈Ll

∑
k

∑
n∈HVB

1
Nk

∣∣〈Ψnk
∣∣ϕj
〉∣∣2 (2.28)

where Ψnk is the wavefunction of the system for an eigenvalue n at a given k point, ϕj
is the orbital at site j, and Nk is the total number of k points used in the integration.
The sum over n comprises only states in the two HVB, the sum over k represents
the integration over the Brillouin zone and the sum over j includes all orbital in the
layer l. The k points are selected using the Monkhorst-Pack scheme described in
Appendix A and simplified by taking into account the Brillouin zone symmetry.

The resulting quantity, denoted as nl , when multiplied by the electron charge,
serves as a metric for the charge distribution associated with each layer within the
aforementioned bands. Henceforth, in the following we will refer to this magnitude
simply as “charge”.

Analyzing the charge distribution across layers provides a nuanced perspective
on how electronic states localize within the material as the rotation angle decreases.
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This analysis is crucial for understanding the intricate interplay of electronic inter-
actions in low-angle rotated graphene structures and sheds light on the emerging
electronic properties of such systems.

2.8 Structural lattice relaxation

Detailed understanding of the electronic properties of two-dimensional systems re-
quires a thorough analysis of the crystal structure, especially when the number of
atoms in the unit cells is significantly large, as in the case of twisted multilayers. In
real systems, the lattice structure relaxes spontaneously in order to achieve a more
favorable energy structure, and this relaxation can affect the electronic properties
of the system. For example, as seen in section 2.5.2, sites with AA, AB, BA or SL
stacking appear in the TBG. However, the energy of an interlayer binding in an AB
or BA site is lower than in an AA site [42], because the AA sites represent antibond-
ing states, the crystal structure of the TBG will spontaneously deform in order to
maximize the AB/BA areas and minimize the AA areas, and thus achieve a more
favorable energetic state.

The lattice relaxation was studied computationally by density functional theory
(DFT), molecular dynamics and continuum models [42, 57–60]. In this work, a struc-
tural relaxation of the network based on classical molecular dynamics simulations
using the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)
code will be used.

2.8.1 LAMMPS molecular dynamics simulation

LAMMPS is a classical molecular dynamics (MD) code that models ensembles of
particles in a liquid, solid, or gaseous state [61]. In the most general sense, LAMMPS
integrates Newton’s equations of motion for a collection of interacting particles. A
single particle can be an atom or molecule or electron, a coarse-grained cluster of
atoms, or a mesoscopic or macroscopic clump of material. The interaction models
that LAMMPS includes are mostly short-ranged in nature; some long-range models
are included as well.

Using LAMMPS, energy minimization was performed for non-bonded interlayer
interactions using the Kolmogorov-Crespi potential [62, 63] with a cutoff of 16 Å and
bonded intralayer interactions using the REBO potential [64, 65]. The relaxations
were done with an energy tolerance of 10−10 eV per atom [66].

It is worth asking how structural relaxation affects the electronic properties of
the systems. Returning to the example of the TBG, the Figure 2.14 shows the cal-
culation of the band structure from the TB Hamiltonian for a rotation angle of 1.12°
considering the unrelaxed structure in (a), and the relaxed structure in (b).
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FIGURE 2.14: Band structure of the TBG for a rotation angle of 1.12°
with: (a) unrelaxed structure, (b) relaxed structure.

As can be seen in the Fig. 2.14(a), the flat bands are joined to the conduction
and valence bands at the Γ point. In contrast, in Fig. 2.14(b), where the structure
underwent structural relaxation, the flat bands are energetically separated from the
other bands. As seen in previous sections, electrons in the flat bands undergo a
decrease in their Fermi velocity, which can give rise to correlated states between
them. If we add to this the fact that these bands are energetically far away from each
other, this results in a localization of the electrons in these bands, where an increase
in energy greater than the bandwidth would be required to bring the electrons to
the conduction bands. This is why it is important to take into account the structural
relaxation of these systems, especially for small angles, where the number of atoms
is high, and the effects can be significant. Is for this reason that in this work all the
structures with rotation angles below 2° were relaxed.

2.9 Twisted double ABC trilayer graphene

In the previous sections, we have explored the wealth of emergent properties in
graphene multilayer systems, from the fundamental features of monolayers to the
fascinating phenomena observed in ABC trilayers and other structures with rota-
tion. In this section, we will dive into the heart of our research: the detailed study of
the electronic properties of ABC trilayers when two of them are stacked with a spe-
cific rotation angle, giving rise to the system we call "Twisted Double ABC Trilayer
Graphene" (2ABCT).

The motivation for this study lies in the quest to understand how the combi-
nation of the unique properties of ABC trilayers and twist effects in double layer
systems can lead to even more intriguing electronic phenomena. The ABC trilayer
has proven to be a fertile field for the observation of phenomena such as supercon-
ductivity and correlated insulating states. By introducing rotation between two ABC
trilayers, we hope to open the door to new possibilities and understand how com-
plex interlayer interactions contribute to the formation of unusual electronic states.



Chapter 2. Theoretical formalism 21

FIGURE 2.15: Configuration of twisted double ABC trilayer
graphene.

The configuration of the 2ABCT is shown in Fig.2.15. Two ABC trilayers of
graphene are placed on top of each other, and then rotated with respect to an an-
gle θ, with the same procedure as is expose in section 2.5.2. The main electronic
properties of this new system will be shown in the next chapter.
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Chapter 3

Results

This chapter will present the main results of this thesis. First, a more detailed dis-
cussion of the electronic properties of the ABC trilayer with external field will be
presented, which, as will be seen later, present a great similarity with the properties
of the 2ABCT. Secondly, the electronic properties of 2ABCT will be show, specifi-
cally, its band structure and the electronic localization of this system. In order to
better characterize this electronic localization in the double trilayer, the same phe-
nomenon will be studied in a simpler system, composed of an ABA trilayer with the
top layer rotated with respect to the others, which will be called ABT.

The central objective of this chapter is to scrutinize and decipher the intricate
electronic structure of 2ABCT. By employing simpler models like ABT and ABC tri-
layers, we aim to glean insights into the behavior of the 2ABCT system, enhancing
our grasp on the electronic phenomena at play. The results presented herein lay the
foundation for a comprehensive understanding of the electronic intricacies within
these graphene multilayer structures.

3.1 ABC trilayer graphene

It was studied in section 2.4.1 that for the graphene trilayer there are two possible
stackings: ABA and ABC. Both stacking have no gap in the absence of an external
field. However, there are substantial differences between them. As studied, ABA
stacking with an external field causes the bands to overlap each other (see Figure
2.6), while ABC stacking with an external field causes the opening of a gap, which
can be controlled from the field strength, as shown in Figure 3.1(b), which presents
the band structure for an ABC trilayer with a small external field of 10meV/A in
blue solid line, while the red dashed line shows the structure in the case without
external field.

Another difference exists between the two stackings. As can be seen in Figure
2.5, the middle layer in the ABC has only anti-bonding type bonds with the neigh-
boring layers. That is, this layer has more energetic bonds than the outer layers. The
direct consequence of this arrangement is that states close to the Fermi level have a
strong preference to be located in the outer layers and on atoms that have no close
neighbors in the vertical direction. In Figure 3.1(a) it is shown a side view of the unit
cell of the ABC trilayer and the localization of the states from E f − 0.5 to EF eV ob-
tained from a DFT calculation (performed by Prof. Eric Suarez, guiding professor of
this thesis) of an ABC trilayer under an external electric field to separate the valence
and conduction bands. Evidently, these states predominantly inhabit the B1 and B3
atoms situated within the outer layers, strategically avoiding any immediate vertical
neighbors within the middle layer (see Fig. 3.1(c)). Intriguingly, despite this spatial
arrangement, the emergence of flat bands positioned a few meV from the Fermi level
in both scenarios is noteworthy. The existence of such states suggests a correlation
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with collective phenomena, as evidenced by various experimental observations [29,
67, 68].

FIGURE 3.1: (a) Localization of the states in the shadow region of (b),
where the electronic structure of trilayer ABC is shown around the K
point. Red dashed lines are the bands without external field, and blue

solid lines for E = 10meV/Å ẑ, (c) Top view of trilayer ABC.

This finding reinforces the idea that the electronic structure of ABC trilayers is
intricate and subject to complex collective phenomena. The detailed analysis of these
states, in conjunction with experimental observations, will be essential to unravel the
practical and theoretical implications of this remarkable electronic response. In the
following sections, we will delve deeper into the analysis of these states and their
connection to specific collective phenomena, thus providing a more comprehensive
insight into the electronic richness of mutlilayers systems.

3.2 Electronic properties of double twisted ABC trilayer

In this section, we turn our attention to a thorough exploration of the electronic
properties of the double twisted ABC trilayer (2ABCT). As we delve into the analysis
of its electronic properties, we aim to unravel the unique effects of rotation on the
band structure and electronic localization.

The phenomenon of twistronics has emerged as an exciting field, where small
variations in the twisting angle between layers can have a substantial impact on the
electronic properties of the system. In this context, we will explore the band structure
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of 2ABCT, deciphering how rotation affects dispersion relations and contributes to
the formation of flat bands or other singular phenomena.

Subsequently, we will immerse ourselves in the study of electronic localization
in the context of low rotation angles. This detailed analysis will enable us to un-
derstand how low inclinations in 2ABCT can influence charge distribution and the
formation of localized states. The interaction between rotation and electronic local-
ization becomes the primary focus of this section, providing a more comprehensive
insight into the inherent complexities of the double twisted ABC trilayer.

3.2.1 Band structure

In systems comprising a few number of atomic layers, the electronic structure is
notably influenced by the local environment of each layer. Earlier investigations
revealed that this layer-to-layer in-equivalence contributes to gap opening [46, 69].
Consequently, it is reasonable to anticipate analogous behavior in the context of two
ABC trilayers with a rotational misalignment between them. This suggests that the
interplay of layer-specific environments and rotational angles can engender elec-
tronic phenomena akin to those observed in single trilayers, providing a valuable
insight into the intricate interlayer interactions within these multilayer graphene
systems.

FIGURE 3.2: Band structure of 2ABCT for six rotation angles: (a) 9.43°,
(b) 5.09°, (c) 2.88°, (d) 2.00°, (e) 1.20° and (f) 1.12°.

The system comprising two ABC trilayers with a rotation between them exhibits
semiconductor behavior, a noteworthy characteristic despite each individual ABC
trilayer being inherently non-semiconducting. Illustrated in Figure 3.2 is the band
structure derived from the Tight-Binding (TB) Hamiltonian (equation (2.22)) for six
distinct rotation angles (9.43°, 5.09°, 2.88°, 2.00°, 1.20°, and 1.12°). Notably, even
for relatively large rotation angles, the electronic structure features discernible flat
bands. This observation underscores the system’s intrinsic gap, affirming its semi-
conducting nature.

Furthermore, the presence of flat bands persists across various rotation angles,
and intriguingly, as the rotation angle diminishes, these flat bands become more pro-
nounced. This trend suggests a nuanced interplay between interlayer rotation and
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the emergence of distinctive electronic states, offering valuable insights into the del-
icate balance governing the electronic properties of the coupled two ABC trilayers.
The persistence and enhancement of flat bands with decreasing rotation angles high-
light the intricate influence of layer rotation on the electronic structure, shedding
light on the subtle yet consequential electronic phenomena within this multilayer
graphene system.

It is important to note that the TB Hamiltonian only allows to obtain the gap if a
site energy term is added in each layer (first term of eq. (2.22)). If we add this term
with a potential value obtained from the charge distribution analysis using a simple
capacitor plate model, the TB result agrees with DFT calculations (permormed by
Prof. Eric Suárez). In Appendix B we compare the bands structure for two angles
calculated by both methods: DFT and TB.

FIGURE 3.3: Value of bandgap as function of rotation angle in 2ABCT.

Figure 3.3 illustrates the variation in the bandgap concerning the rotation angle.
Notably, for larger angles, the gap maintains a relatively constant value of approxi-
mately 30 meV. As the angle diminishes, there is a transient increase in the gap, peak-
ing at 35 meV. However, for angles smaller than 2 degrees, the bandgap experiences
a rapid decline, reaching an almost 10 meV minimum. The distinctive environments
characterizing each layer within the system play a pivotal role in inducing this gap
phenomenon. When the two ABC trilayers are coupled, the inversion symmetry,
crucial for preserving the sublayer exchange symmetry of each ABC structure, is
broken, leading to gap opening. This discrepancy in layer environments translates
to distinct potentials within each layer, fostering the anticipation of charge transfers
between layers. The breaking of inversion symmetry induces an asymmetry that
manifests as the observed variation in the bandgap. Understanding these nuanced
environmental influences provides essential insights into the intricate interlayer in-
teractions governing the electronic properties of the coupled ABC trilayers.
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Let’s delve into the spatial localization of states within the flat band region ad-
jacent to the Fermi level in the rotated structures. As depicted in Figure 3.4, we
examine the state localization near the K point for both the two highest valence
bands ((a) and (c)) and the lowest conduction bands ((b) and (d)). These state lo-
cation calculations were performed using DFT by Professor Eduardo Menendez of
the Universidad de Sevilla. Within the valence band, states exhibit predominant spa-
tial localization in the intermediate layers—specifically, in the rotated layers. Even
at an angle of 9.4°, there is still a lack of clear localization in the AA sites of the unit
cell, although the inception of moiré pattern formation becomes perceptible. An in-
set in Figure 3.4(c) unveils that the states find localization in the bonding orbitals,
precisely in an atom positioned at the center of the hexagon within the neighboring
Bernal layer—a pattern akin to the one observed in Trilayer ABC. Notably, if the sys-
tem were doped, a distinct scenario emerges: the states predominantly localize in the
outer layers and, correspondingly, within the B-type atoms. This insight, illustrated
in Figure 3.4(b) and (d), underscores the profound impact of doping on the spatial
distribution of electronic states, offering a crucial perspective into the tunability of
the electronic properties within the double twisted ABC trilayer system.

FIGURE 3.4: Side and top views of localization of states around the
K point for (a), (c) for the two highest occupied valence bands, and
(b), (d) for the two lowest conduction bands. Only layers 3 and 4 are

shown in (c), and only layers 5 and 6 are shown in (d).

3.2.2 Electronic localization for low angles

In the exploration of electronic properties in low-angle rotated graphene structures,
a key focus lies in understanding the electronic localization within the material. This
section delves into the results derived from the calculation of nl defined in eq. (2.28)
for the double ABC trilayer system. As we venture into the results, the aim is to shed
light on how the charge dynamically distributes across layers as the rotation angle
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decreases. Particularly, the focus is on unveiling the nuances of charge localization
in response to the unique stacking configurations inherent in the low-angle rotated
double ABC trilayer graphene system. The ensuing discussion provides valuable
insights into the emerging electronic properties of this system and contributes to
a deeper understanding of the interplay of electronic interactions in such complex
graphene structures.

In Figure 3.5(a), the evolution of the charge nl associated with the two highest
valence bands (HVB) unfolds as a function of the rotation angle. The inherent sym-
metry in the system dictates that layers 1-6, 2-5, and 3-4 exhibit identical charge
values due to their symmetrical arrangements. Notably, layers 3-4, initially rotated
concerning each other, witness an intriguing evolution in charge localization as the
rotation angle decreases. In the early stages of angle reduction, the charge local-
ization within layers 3-4 intensifies, reflecting the anticipated behavior observed in
rotated graphene structures. However, a departure from the typical trend observed
in twisted bilayer graphene becomes evident for angles below 2.5°. Contrary to the
anticipated increase in charge localization within layers 3-4, a distinctive shift oc-
curs—the charge dynamically starts escaping from these layers. Intriguingly, it is
layer 1 that emerges as the predominant recipient of this redistributed charge.
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FIGURE 3.5: Charge as defined in eq. (2.28) for each layer as a func-
tion of the angle for (a) double twisted trilayer ABC, (b) Trilayer ABT,
(c) Trilayer ABT with a negative external electric field. (d) nl projected

on sublattices A and B on layer 1 of trilayer ABT

In pursuit of comprehending the intriguing charge redistribution observed in the
2ABCT system, we turn our attention to a more tractable scenario—the trilayer ABA
graphene system with a rotated third layer, denoted as ABT. Figure 3.5(b) illumi-
nates that the charge dynamics in ABT parallel those observed in the more complex
2ABCT system. This parallel behavior hints at shared underlying principles govern-
ing charge redistribution in low-angle rotated trilayer graphene configurations.

To delve into the intricacies, let’s dissect how the charge redistributes within
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layer 1, focusing on sublattice contributions. The examination reveals a distinc-
tive pattern: the redistributed charge predominantly congregates around the B-type
bonding atoms, as illustrated in Figure 3.5(d). This observation aligns with expec-
tations, mirroring the behavior observed in well-established configurations such as
the Bernal bilayer or trilayer ABC (see Fig 3.1). The highest valence states exhibit
a propensity to favor the bonding-type atoms of layer 1, offering a familiar yet in-
sightful perspective into the charge dynamics in rotated trilayer graphene systems.

The migration of charge to the first layer, as observed in the electronic dynamics
of the double ABC trilayer graphene system, can be rationalized by considering the
influence of the periodic moiré potential and the interplay of electronic interactions.

The periodic moiré potential effectively confines electrons within the AA zones
of the rotated layers. When an additional layer is introduced, it introduces an extra
coupling option for the electron. To grasp this concept intuitively, one can envision
the electron’s energy increasing in the AA region due to Coulomb repulsion. Faced
with this energetic challenge, the electron exhibits a preference for transitioning to
another lower-energy state. In the context of the system under consideration, this
lower-energy state manifests in layer one, specifically favoring the B-type atoms.
This rationalization aligns with the notion that electrons, subject to Coulombic forces
and the intricate potential landscape of rotated layers, seek energetically favorable
configurations. The introduction of an extra layer provides an alternative pathway
for charge migration, and the charge gravitates toward the first layer, specifically
favoring the B-type atoms within that layer.

Furthermore, the introduction of a negative external electric field serves as a
noteworthy factor in preserving charge localization in the upper layers of the tri-
layer ABT system. Figure 3.5(c) illustrates the charge localization in trilayer ABT
under an external negative electric field E = 20meV along the z-axis. However, it’s
crucial to highlight that this localized charge, while influenced by the external field,
does not reach the level observed in twisted bilayer graphene [55]. This discrepancy
in charge localization underscores the distinctive electronic nature of the rotated tri-
layer ABT system, further emphasizing the intricate interplay of factors influencing
its electronic properties.

The precise occurrence of the abrupt change in charge distribution at a specific
rotation angle warrants a detailed analysis that, regrettably, exceeds the scope of
this thesis. Nevertheless, to offer a conceptual framework for understanding these
results, we employ a simplified toy model.
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FIGURE 3.6: Charge redistribution as a function of U in each layer
of a toy model: Three graphene layers with stacking ABB, with an
onsite energy U on layers 2-3. In the scheme, γ0 and γ1 are intra and

interlayer hoppings of graphene.

Toy model

Consider a structure with ABB stacking, featuring typical intra- and interlayer hop-
ping in graphene. Introduce a U-site potential in layers 2-3, corresponding to BB
stacking, thereby simulating an increase in electron energy within those layers. This
increase in U is akin to a reduction in the rotation angle. Figure 3.6 schematically
represents this model, and the charge associated with the last two valence bands is
calculated and plotted as a function of U. As depicted in Fig. 3.6, the initial state
reveals higher charge accumulation in the BB layers (layers 2 and 3). However, for
U values exceeding ∼ γ0/2 eV, a discernible reversal occurs. The charge progres-
sively accumulates more in the first layer for larger U values, precisely mirroring the
observed behavior in the rotated trilayer ABT system.

While this toy model simplifies the complex dynamics at play, it provides a con-
ceptual foundation for understanding how changes in electron energy and interlayer
potentials influence charge redistribution. The reversal observed in the toy model
aligns with the abrupt change witnessed in the rotated trilayer ABT system, offer-
ing a qualitative explanation for the observed phenomenon. Further investigations
and detailed analyses are essential to fully grasp the intricacies of this transition and
its implications for the electronic properties of low-angle rotated trilayer graphene
structures.
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Chapter 4

Conclusion and outlook

In this thesis, our investigation into the electron localization within a system com-
prising two ABC trilayers, each rotated concerning the other, has revealed intriguing
semiconductor behavior and flat bands for large rotation angles. The spontaneous
gap opening, attributed to the crystal field, mirrors the characteristics observed in an
ABC trilayer under the influence of a slight external field. However, as the rotation
angle diminishes to less than two degrees, a departure from the conventional pat-
tern is observed. Unlike twisted bilayer graphene, where electrons predominantly
concentrate in the AA region, in our system, electrons exhibit an unexpected trend,
escaping towards the outer layers.

This distinctive behavior is attributed to the presence of an additional coupling,
providing an avenue for electrons to transition to lower energy states. We posit that
this phenomenon arises due to increased Coulomb interaction, causing the energy
of electrons to rise. The system’s resemblance to an ABT system (comprising three
layers with ABA stacking and the last layer rotated) further elucidates this behavior.
Interestingly, the application of a negative electric field successfully prevents charge
leakage from the rotated layers.

Our study underscores that the charge escape from the rotated layers correlates
with an elevation in electron energy in those layers, influenced by Coulomb inter-
action. The insights gained from a toy model underscore the reproducibility of this
charge behavior by manipulating the energy levels of specific layers. These findings
not only raise compelling questions for further exploration in both 2ABCT and ABT
systems but also offer a captivating avenue to comprehend the origins of supercon-
ductivity in graphene-based layer systems. The intricate interplay of factors and the
distinctive electronic behaviors unveiled in this research open avenues for contin-
ued exploration and refinement in understanding the fascinating properties of these
layered graphene structures.
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Appendix A

Monkhorst-Pack special points grid

The Monkhorst-Pack (MP) method [52] provides an efficient approach for generat-
ing a set of special points in the Brillouin zone, crucial for electronic structure calcu-
lations in solid-state physics. These special points are instrumental in numerically
approximating integrals over the Brillouin zone, enabling accurate calculations of
various physical properties. The grid of special points is determined by the equa-
tion

kn1,n2,n3 =
3

∑
i

2ni − Ni − 1
2Ni

bi, (A.1)

where k represents a special point, bi are the reciprocal lattice vectors, Ni are the
number of points along each reciprocal lattice vector and ni = 1, 2, . . . , Ni.

The MP method stands as a pivotal strategy in the realm of electronic structure
calculations within solid-state physics. By furnishing a well-defined grid of special
points in the Brillouin zone, it facilitates the numerical approximation of integrals
critical for determining various physical properties. The uniform sampling inherent
in the MP method ensures a judicious representation of the Brillouin zone, eliminat-
ing unnecessary computational redundancy. This leads to a notable enhancement
in computational efficiency, a particularly advantageous feature when dealing with
extensive and intricate unit cells.

Beyond computational expediency, the MP method plays a crucial role in pre-
serving integration accuracy. Through the strategic selection of k-points, it enables
precise calculations of density of states and band structures. Importantly, the method
strikes a balance between computational resources and result accuracy, making it an
invaluable tool in electronic structure studies. Exploiting the crystalline symmetry
of materials further refines this approach. The concept of irreducible representation
allows for a reduction in the number of k-points while retaining accuracy, offering
researchers a powerful means to explore electronic and structural properties in a
computationally efficient manner.

A.1 Crystal symmetry

The crystalline symmetry of the material offers an opportunity to further reduce
the number of k-points without compromising accuracy. The concept of irreducible
representation comes into play. If a k-point k belongs to a certain symmetry class, its
equivalent counterparts under symmetry operations Rn will yield the same physical
quantity. Thus, the grid can be reduced by considering only irreducible points.

For example, in graphene, where the hexagonal lattice possesses sixfold rota-
tional symmetry, the number of k-points can be reduced by a factor of six. This
reduction is achieved by considering only one-sixth of the Brillouin zone and repli-
cating the calculated quantities accordingly
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Appendix B

Comparison of TB and DFT
calculations

In Figure B.1, a compelling comparison of the electronic structures at low energies
between the DFT and TB calculations is presented for rotation angles of 13.1 and 21.7
degrees. The remarkable agreement observed between these two methodologies re-
inforces the reliability of our theoretical framework. It’s noteworthy that the sys-
tem exhibits semiconductor behavior, with distinct flat bands near the Fermi level,
underscoring the precision of our computational models in capturing the essential
electronic features. This semiconductor nature holds significant implications for po-
tential applications and further emphasizes the consistency between the DFT and
TB results.
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