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ABSTRACT

Abstract— Bayesian Networks are widely used to model probabilistic relationships between
variables through DAGs. However, multiple Bayesian Networks can represent the same set
of conditional independencies, forming what is known as a MEC. This presents a challenge
in model evaluation, as networks within the same MEC are statistically indistinguishable
based on observational data alone. This work investigates whether the log-likelihood
function, a standard metric for assessing model fit, remains invariant across all Bayesian
Networks in a given MEC. After learning the CPDAG of a Bayesian Network from data,
a method is implemented to enumerate DAGs in the corresponding MEC, converting
each DAG to a Bayesian Network and compute the log-likelihood for each structure using
Bayesian parameter estimation. Structural modifications are also introduced to produce
networks outside the original MEC, enabling comparison of log-likelihood values across
different equivalence classes. Experiments conducted on benchmark networks (Asia,
ALARM, Hepar2) confirm that log-likelihood values remain constant within each MEC and
vary significantly when the structure is modified to break v-structures. These findings
suggest that log-likelihood invariance can serve as a reliable indicator of MEC membership
for Bayesian Networks, allowing for more efficient model evaluation and structure learning
without full enumeration.

Keywords— Bayesian Networks, Markov Equivalence Class, Log-Likelihood
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GLOSSARY

BN: Bayesian Network
CPDAG: Completed Partially Directed Acyclic Graph
CPT: Conditional Probability Table
DAG: Directed Acyclic Graph
MEC: Markov Equivalence Class
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LOG-LIKELIHOOD INVARIANCE IN MARKOV EQUIVALENT BAYESIAN NETWORKS

INTRODUCTION

Understanding causal relationships between variables is a central goal across a variety of dis-
ciplines, from statistics and artificial intelligence to biology and social sciences. Probabilistic
graphical models, particularly Bayesian Networks, are a powerful tool that help represent
causal and probabilistic relationships, because they offer a structured, clear and complete
model of the conditional dependencies and their conditional probabilities using Directed
Acyclic Graphs (DAGs) [Koller and Friedman, 2010]. These networks enable reasoning over
sets of randomvariables and arewidely used in tasks such as inference, diagnosis, prediction,
and decision-making under uncertainty [Pearl, 1988].

A central challenge that arises when using Bayesian Networks, is that different networks can
represent the same information on conditional dependencies, forming what is known as a
Markov Equivalence Class (MEC). Bayesian Networks within the same MEC are statistically
indistinguishable using purely observational data. This presents a limitation in model evalu-
ation and causal discovery, as many structurally distinct models are equally compatible with
the data. As a result, there is a need for metrics that allow for comparison or evaluation
across models within the same equivalence class. This raises a fundamental question: is it
necessary to consider each individual network when evaluating models, or can the MEC be
evaluated as a whole?

In addition, many structure learning algorithms, particularly those used in large scale appli-
cations, are designed to return a representation of theMarkov equivalence class rather than
a single Bayesian Network. This is because evaluating or searching over individual networks
is often computationally infeasible, because the number of structures (represented as DAGs)
in a MEC grows exponentially with the number of variables [Chickering, 2002]. As a result,
having tools that operate effectively at the MEC level, such as log-likelihood invariance, can
provide significant computational advantages and guide more informed structure selection
within equivalence classes.

As mentioned above, the structure of a Bayesian Network is a DAG. Despite significant ad-
vancements in the field, enumerating all DAGswithin aMEC remains computationally expen-
sive. The number of possible structures grows exponentially with the number of undirected
edges in the skeleton of the MEC, making full enumeration infeasible for large or complex
models. Therefore, identifying a reliable metric that can characterize an entire MEC without
exhaustive enumeration is a relevant and open problem.

One function widely used in statistical modeling and structure learning is the log-
likelihood function, which quantifies how well a model explains a given dataset by mea-
suring the proximity between the model’s predicted distribution and the observed data
[Friedman et al., 1997]. Because of its central role in evaluating model fit, the log-likelihood
function is often used as a scoring function to evaluate the quality of differentmodels. In this
context, the log-likelihood function could offer an efficient alternative to compare or select
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models without the need for full enumeration. If the log-likelihood value remains invariant
across all Bayesian Networks in a MEC, it can act as a representative metric for the entire
equivalence class, addressing the challenges outlined above.

Consider, for instance, a clinical decision support system using Bayesian Networks to predict
patient outcomes based on diagnostic variables. If two models yield the same predictions
and fit the data equally well, it becomes critical to knowwhether thesemodels belong to the
sameMarkov equivalence class, especially if one will be chosen for interpretation or further
experimentation [Onisko et al., 1998]. A metric that remains invariant across all Bayesian
Networks in a MEC, such as, the log-likelihood, can serve as a powerful proxy to identify
when models are equivalent without needing to examine each network individually. This
can prevent misinterpretations that arise from treating statistically indistinguishable models
as meaningfully different, leading to more reliable conclusions in sensitive decision-making
contexts.

This work is motivated by the need to understand whether the log-likelihood function re-
mains invariant across all Bayesian Networks within a MEC, and how it behaves when small
structural changes push a network outside its equivalence class. Specifically, the aim is to
investigatewhether the log-likelihood function can be reliably used to comparemodels with-
out explicitly enumerating all Bayesian Networks in a MEC. If so, this could simplify model
evaluation and open the door to new strategies for structure learning and model selection
under equivalence.

Page 2 of 31
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CHAPTER 1
PROBLEM DEFINITION

1.1 Context

In the field of theoretical computer science, probabilistic graphical models arewidely used to
represent dependencies or causal relationships between variables. Among the existingmod-
els, Bayesian networks stand out due to their ability to represent both causal relationships
and the probability distributions of these variables through Directed Acyclic Graphs (DAGs).
These models are used in areas such as machine learning, bio-informatics, social sciences,
medicine and more.

Due to the widespread use of these tools, there is a growing need for a method that allows
us to evaluate how well a model represents an underlying structure in the data. This eval-
uation is crucial both for the theoretical development of these models and their practical
applications.

1.2 Current situation

Due to the nature of probabilistic graphical models, more than one model can be used to
represent the same dataset. That is, different structures can induce the same set of condi-
tional independencies, forming what is known as a Markov Equivalence Class (MEC). When
working with a MEC, the only existing way to assess the quality of all of the structures it
contains (which are DAGs) is to enumerate all the DAGs within the class and evaluate them
individually.

Existing methods for enumerating DAGs within a MEC are computationally expensive, be-
cause the number of DAGs grows exponentiallywith the number of nodes [Chickering, 2002].
For this reason, enumerating all the DAGs becomes infeasible beyond a certain number of
variables. Hence, there is a need for a metric that can evaluate all models within the same
equivalence class without requiring exhaustive enumeration.

This problem directly affects research in structure learning, especially in contexts where dif-
ferent classes need to be compared or learnedmodels need to be validated. The lack of such
tools limits the evaluation and comparison of structural models such as Bayesian Networks.

Page 3 of 31
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Figure 1: Problem tree. Source: Own elaboration

1.3 Objectives

1.3.1 Main objective

Experimentally assess the accuracy of the log-likelihood function to decide if two Bayesian
Networks belong to the same MEC without the need of enumerating all of the MEC’s DAGs.

1.3.2 Specific objectives

• Implement a DAG enumeration algorithm.

• Implement the log-likelihood metric for evaluating Bayesian Networks.

• Evaluate the behavior of the log-likelihood value in Markov equivalent Bayesian Net-
works.

• Evaluate the behavior of the log-likelihood value in non Markov equivalent Bayesian
Networks.

Page 4 of 31
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CHAPTER 2
CONCEPTUAL FRAMEWORK

2.1 Graphs

2.1.1 Preliminary Concepts

Graphs are a discrete mathematics structure widely used in computer science. Formally, a
graphG consists of a set of vertices and a set of edges, denoted as V and E, respectively.

In a graph, a path is a sequence of edges connecting different vertices, say {v1, . . . , vk},
such that one can go from v1 to vk if there exists an edge vi → vi+1 or vi − vi+1 for all
i = 1, . . . , k − 1. A path is partially directed if at least one edge is directed. A path is
directed (or undirected) if all edges are directed (or undirected). A cycle is a path that starts
and ends at the same node. The skeleton of an arbitrary graph is an undirected graph that
has the same vertices and edges as the original graph, ignoring directions.

X

W Y

Z

Figure 2: Example of a directed acyclic graph. Source: Own elaboration

A Directed Acyclic Graph (DAG)D is a directed graph that contains no directed cycles. Let V
be the set of vertices ofD and τ a subset of V . The induced subgraphDτ ofD on τ is defined
as the graph where the vertices are from the set τ , and the edge set consists of all edges in
D where both vertices are in τ . A v-structure is a three-vertex induced subgraph in D such
that v1 → v2 ← v3, an example being the induced subgraph with vertices {W,Z, Y }.

A graph is called a chain graph if it contains no partially directed cycles. The isolated undi-
rected subgraphs of a chain graph, after removing all directed edges, are called the chain
components of the chain graph. A chord of a cycle is an edge connecting twonon-consecutive
vertices in a cycle. An undirected graph is called chordal if every cycle with four or more ver-
tices has a chord.
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Z

W Y

Figure 3: Example of a v-structure in the DAG of Figure 2. Source: Own elaboration

2.1.2 Directed Acyclic Graphs (DAGs)

In the context of Bayesian Networks, DAGs serve as the structural backbone that encodes the
causal relationships between variables. DAGs are directed graphs with no cycles. In these
graphs, nodes represent variables and directed edges indicate a dependency relationship
between them. The absence of cycles ensures that it is not possible to return to a variable
through a chain of dependencies, reflecting the principle that causality flows in a single di-
rection.

Similarly, DAGs are widely studied in computer science due to their frequent appearance in
various applications. Some examples include:

• Task Scheduling with Order Constraints: This problem involves managing a set of n
taskswhere some depend on the completion of others before they can begin. Hence, a
strict ordermust bemaintained to complete all tasks [Skiena, 1998]. A simple example
can be seen in Excel spreadsheets: suppose we have four cells W , X , Y , and Z; W
andX contain numeric values, Y is the sum ofW +X , and Z takes the value of Y . If
the value ofW changes, then Y and subsequently Z must be updated in that order.

• CitationNetworks of ScientificArticles: These networks are inherently acyclic because
articles cannot cite future work, thus preventing cycles [Clough et al., 2014]. These
networks have been extensively studied as they form vast citation systems with rich
interconnection histories.

• Information Compression: DAGs are also used in compression techniques, where se-
quence generation can be modeled using structures like tries. Some algorithms use
DAGs to reduce storage space in these structures, such as finding the shortest path in
a DAG[Carmona and Arroyuelo, 2022].

DAGs are powerful tools for encoding assumptions about data-generating processes. Beyond
providing a clear visual representation of relationships between variables, DAGs also allow
the identification of conditional independencies or dependencies within a system. This is
especially useful in causal inference, where one can determine which variables should be
conditioned on to identify direct causal effects and avoid bias.

Page 6 of 31
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While DAGs provide the graphical structure of a Bayesian network, it is the combination of
structure and conditional probabilities that defines a complete Bayesianmodel. The remain-
der of this section addresses a key structural property of BNs: the fact that multiple DAGs
can represent the same set of conditional independencies. This leads us to the concept of
Markov Equivalence Classes (MECs), which play a central role in understanding the limits of
structure-based model identification.

2.2 Markov Equivalence Classes

One of the key challenges when using Bayesian Networks in causal inference is that different
structures (i.e., different DAGs) can represent the same conditional independence relation-
ships among variables. In such cases, the DAGs are said to be Markov equivalent. That is,
although the graphs have different structures, they imply the same conditional independen-
cies and, therefore, the same data distribution.

The set of all DAGs that are Markov equivalent forms what is known as a Markov Equiv-
alence Class (MEC). This phenomenon presents a significant limitation in causal inference
because it is not possible to distinguish between different DAGs within the same class using
observational data alone. To resolve this ambiguity, additional information is needed, such
as temporal or experimental data that can help differentiate between the equivalent causal
models [Spirtes, 2000].

In 1990, it was shown that twoDAGs areMarkov equivalent if and only if they share the same
skeleton and the same v-structures [Verma and Pearl, 2022]. In 1997, it was proven that the
MEC can be represented by a single essential graph [Andersson et al., 1997].

An essential graph of a DAGD, denoted C, is a graph that has the same skeleton asD, and
includes a directed edge if and only if that direction appears in every DAG in the equivalence
class ofD [He et al., 2015].

X

W Y

Z

Figure 4: Example of an essential graph of the DAG in Figure 2. Source: Own elaboration

Since a MEC corresponds to the set of DAGs, a natural next question is how to determine
the size of the MEC represented by its essential graph C. Clearly, if C is a DAG, the MEC has
size 1; otherwise, C may contain more than one chain component, denotedCτ1 , . . . , Cτk . In
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[Andersson et al., 1997], it was shown that ifC is the essential graph ofD, thenC is a chain
graph, where each chain componentCτ ofC is an undirected and chordal graph (UCCG), and
τ is the set of vertices in the component. Any UCCG is an essential graph representing an
MEC [Andersson et al., 1997]. Thus, the size of the MEC represented by C can be calculated
by counting all DAGs in the MECs represented by the chain components using the following
equation [He and Geng, 2008]:

sizeMEC(C) = Πk
i=1sizeMEC(Cτi)

Finally, to count the size of the MEC represented by a UCCG, all DAGs in the class can be
generated. However, this can be very costly, as a large number of vertices in the UCCG may
correspond to a huge and unmanageable number of DAGs.

In [He et al., 2015], two methods are presented for calculating the sizes of MECs with hun-
dreds of vertices. The first method estimates the size using the number of vertices v and
edges e in the UCCG [Gillispie and Perlman, 2002], but it only works in the following five
cases:

• If v = e− 1, then sizeMEC = e

• If v = e, then sizeMEC = 2e

• If v = e(e−1)
2
− 2, then sizeMEC = (e2 − e− 4)(e− 3)!

• If v = e(e−1)
2
− 1, then sizeMEC = 2(e− 1)!− (e− 2)!

• If v = e(e−1)
2
, then sizeMEC = e!

In any other case, the size cannot be determined solely by the number of vertices and edges;
it will depend on the essential graph structure.

For example, Figure 5 shows four UCCGs, the first two with five nodes and six edges,
and the last two with five nodes and seven edges. None match any of the previous five
cases. The corresponding MEC sizes are sizeMEC(U5,6) = 13, sizeMEC(U ′

5,6) = 12,
sizeMEC(U5,7) = 14, and sizeMEC(U ′

5,7) = 30, illustrating that MEC sizes cannot be
determined using only node and edge counts.

The second method involves partitioning the MEC into smaller subclasses. Using this and
the previous method, a recursive algorithm was defined to calculate the size of an MEC that
does not fit the five known cases.

From experimental results [He et al., 2015], the contributions can be summarized as follows:
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Figure 5: Example of UCCGs with the same number of edges but differentMEC sizes. Source:
[He et al., 2015]

1. The proposed approach can computeMEC sizes for UCCGs with fewer than 15 vertices
in seconds.

2. For essential graphs with a sparsity constraint, the correspondingMEC sizes are nearly
exponential in p.

3. In the full set ofMECs of DAGswith p vertices, most graphs are semi-complete (around
p2/4 edges), and the MECs represented by these graphs have small average sizes.
This explains why the average size of all MECs is small (around 3.7, as reported in
[Gillispie and Perlman, 2002]) despite some sparse MECs being huge.

2.3 Bayesian Networks

Bayesian networks are probabilistic graphical models used to represent sets of variables and
their conditional dependencies through a DAG. Formally, variables in a Bayesian network
may represent observable quantities, unknown parameters, or hypotheses, and each edge
represents a direct conditional dependency. Beyond representing dependency relationships,
Bayesian networks also include the conditional probability distribution associated with each
node.

For example, the network in Figure 6 represents the relationship between a student’s intel-
ligence, the difficulty of a course, the student’s grade, their SAT performance, and the likeli-
hood of receiving a recommendation letter from the professor. Each node in the network is
associated with a conditional probability table that represents the probability of the event
given its parent nodes. For instance, in the Grade node, the probability of obtaining gradeA
(denoted g1) given that the student is not intelligent (i0) and the course is not difficult (d0)
is 0.3. This feature makes Bayesian networks a powerful tool; in addition to representing
causal and independence relationships, they also encode conditional probabilities.
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Figure 6: Example of a Bayesian network. Source: [Koller and Friedman, 2010]

2.4 The Likelihood function

The likelihood functionmeasures howwell a statisticalmodel explains observed data. It does
so by calculating the probability of observing the data under different parameter values of
the model. Formally, let D = {x(1), x(2), · · · , x(N)} be a dataset of N independent obser-
vations, where each x(i) = {x(i)

1 , x
(i)
2 , · · · , x(i)

n } represents a full assignment to all n random
variables. Given a model with structure G parameterized by θ (e.g., conditional probability
tables in a Bayesian Network), the likelihood function is defined as:

L(θ;D) = P (D | θ) =
N∏
i=1

P (x(i) | G, θ)

However, working directly with the likelihood function can be computationally challenging,
especially when the dataset is large, as it involves the product of many probabilities. To
simplify computations, the log-likelihood function is often used. The log-likelihood function
is the natural logarithm of the likelihood function:

ℓ(θ;D) = logL(θ;D) =
N∑
i=1

logP (x(i) | G, θ)

The log-likelihood function retains the same maxima as the likelihood function but trans-
forms the product into a sum, making it more numerically stable and easier to differentiate.
This property makes it particularly useful in optimization problems, such as parameter esti-
mation using methods like maximum likelihood estimation (MLE) [Wakefield, 2013].
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As statedbefore, the score of the log-likelihood function canbeused tomeasure howwell the
model describes the data. However, direct interpretation of this score is difficult, but it can
be used to compare models. A higher score means a better fit [Koller and Friedman, 2010].

Page 11 of 31



LOG-LIKELIHOOD INVARIANCE IN MARKOV EQUIVALENT BAYESIAN NETWORKS

CHAPTER 3
SOLUTION PROPOSAL

Thiswork focuses on analyzing the behavior of the log-likelihood function, defined previously
in Section 2.4. As shown in [Koller and Friedman, 2010], a Bayesian Network allows for the
factorization of the joint distribution over variables, where the structure is given by a DAG
and the local distributions are specified by Conditional Probability Tables (CPTs). Specifically,
a distribution P factorizes according to the graph G the following way:

P (x(i) | G) =
n∏

j=1

P
(
x
(i)
j | PaG(Xj)

)
where PaG(Xj) denotes the set of parent variables of nodeXj in the graph G.

This factorization is essential, as it directly impacts the computation of the log-likelihood
function for a datasetD withN observations:

logL(θ;D) =
N∑
i=1

n∑
j=1

logP
(
x
(i)
j | PaG(Xj)

)
This expression shows that the contribution of each variable to the log-likelihood depends
entirely on its value and the value of its parents. In other words, the structure of the DAG,
specifically the parent sets of each node, directly determines how the data is explained by
the model.

In Section 2.2 it was shown that for two or more DAGs to be Markov equivalent, they must
share the same skeleton and the same set of v-structures (Figure 3). This implies that all
DAGswithin a givenMEChave identical collider configurations,meaning that themost critical
conditional dependencies (where two variables simultaneously influence a third, without
influencing each other) are preserved. An example is shown in Figure 7, where two DAGs
over the node set {A,B,C,D,E, F,G} differ in the orientation of the edge between A
and B, yet preserve the v-structure formed by E → G ← F . Since the skeleton and all
v-structures remain unchanged, the corresponding Bayesian Networks belong to the same
Markov equivalence class and encode the same conditional independence assumptions.

This observation leads to the intuition that the log-likelihood function should behave con-
sistently across all Bayesian Networks belonging to the same MEC. Since the parent sets of
each node that are involved in v-structures remain fixed within the class, it is hypothesized
that

All Bayesian Networks within a given MEC should yield identical or nearly iden-
tical log-likelihood values when fitted to the same dataset.
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Figure 7: Two Markov equivalent Bayesian Networks with different edge orientations. Both
belong to the same MEC, as they share the same skeleton and v-structures (highlighted in
orange). Source: Own elaboration

In contrast, each structural change that affects a v-structure should lead to noticeably differ-
ent values of the log-likelihood function.

This reasoning is what forms the foundation of the solution proposed in this thesis, that is,
the validation of whether the log-likelihood values remain invariant across Markov equiva-
lent Bayesian Networks, and to analyze how they changewhen structural modifications push
a network outside the MEC. If confirmed, this property could be exploited for more efficient
model evaluation, without requiring full enumeration of DAGs.

To empirically evaluate this hypothesis, the following methodology was applied:

• Simulate a dataset from a known DAG structure.

• Learn the CPDAG from the dataset using a structure learning algorithm.

• Enumerate all DAGs that are consistent with the CPDAG (therefore belong to the same
MEC), or generate a representative subset when full enumeration is not computation-
ally feasible.

• Convert each DAG into a Bayesian Network using parameter estimation.

• Introduce structural modifications to the CPDAG that intentionally alter its v-
structures, thereby producing DAGs from a different MEC.

• Enumerate DAGs from this new MEC, and convert them to Bayesian Networks using
parameter estimation

• Compute and compare the log-likelihood values to assess how they differ acrossMECs.

Page 13 of 31



LOG-LIKELIHOOD INVARIANCE IN MARKOV EQUIVALENT BAYESIAN NETWORKS

3.1 Structure Learning and CPDAG estimation

When learning Bayesian networks from a dataset, there are two key steps: structure learning
and parameter estimation. These two key steps refer to the process of discovering the DAG
that best represents the relationships between variables in the data. Parameter learning is
usually performed afterward, and it consists of computing the probabilities that define the
CPTs of each node based on the observed data.

In this work, the algorithm used for structure learning was the PC algorithm [Spirtes, 2000],
specifically the implementation in the PGMPY library [Ankan and Textor, 2024]. This algorithm
starts with a fully connected undirected graph, where all the variables are assumed to be
potentially dependent. It then systematically tests for conditional independence between
each pair of variables, conditioning on subsets of other variables. If two variables are found
to be conditionally independent given some set, the edge between them is removed. The
result is the undirected skeletonof the graph. Once the skeleton is determined, the algorithm
identifies and orients v-structures. Additional rules are applied to orient as many edges as
possible without introducing cycles or new v-structures, resulting in a CPDAG. This graph
represents the MEC that encodes the same conditional independence relations.

The CPDAGobtained through this process serves as the basis for theDAGenumerationwithin
the MEC.

3.2 DAG Enumeration

Since the structure of a Bayesian network is defined by a DAG, enumerating all DAGs in
a given MEC allows us to construct and compare the corresponding Bayesian Networks
and evaluate their log-likelihood values. There are a number of approaches to do this
[Wienöbst et al., 2023, He et al., 2015, Ghassami et al., 2019], but a brute force approach
proposed by [Chickering, 2002] was implemented for this step. The implementation can be
seen in Algorithm 1.

This algorithm works by identifying all undirected edges of the CPDAG and generating all
possible binary orientation combinations. For each combination it creates a new DAG by as-
signing directions accordingly, while making sure to preserve the v-structures. It then checks
if the resulting graph is a valid DAG and whether it belongs to the MEC, and only the DAGs
that satisfy both criteria are retained.
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Input: A CPDAG, optional limit k on number of DAGs
Output: A list of DAGs consistent with the CPDAG (same MEC)
Extract all undirected edges from the CPDAG
Generate all binary orientation combinations for the undirected edges
Initialize DAGs← empty list
foreach orientation combination do

InitializeG← empty directed graph
Add all nodes from the CPDAG toG
Add all directed edges from the CPDAG toG
foreach undirected edge (u, v) with direction d do

if d = 0 then
Add edge u→ v toG

end
else

Add edge v → u toG
end

end
ifG is acyclic and preserves all v-structures of the CPDAG then

AddG to DAGs
end
if limit k is defined and |DAGs| ≥ k then

break
end

end
return DAGs

Algorithm 1: Enumerate DAGs consistent with a given CPDAG

While this brute-force enumeration strategy is conceptually straightforward, it is not compu-
tationally efficient. The number of valid DAGs grows exponentially with the number of undi-
rected edges in the CPDAG, making it intractable for large or densely connected networks.
Nevertheless, this method serves only as a means to support the experimental validation of
the hypothesis of this work. The focus of this work lies not in proposing an efficient enumer-
ation method, but in using this enumeration to analyze the behavior of the log-likelihood
function across and between MECs.

3.3 Parameter Learning and Likelihood Computation

After enumerating the consistent DAGs, each DAG is converted into a Bayesian Network by
estimating its parameters. This involves computing the Conditional Probability Tables (CPTs)
that best explain the observed data. Themethod used is Bayesian Estimation, which, instead
of relying purely on the data, incorporates prior beliefs and combines them with the ob-
served frequencies to compute a posterior distribution over the parameters. This approach
avoids assigning zero probability to unobserved configurations and yields more stable esti-
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mates acrossmultiple network structures, making it preferable for comparative analysis over
Maximum Likelihood Estimation [Ji et al., 2015].

After parameter estimation was done for each consistent DAG so that they could become a
Bayesian Network, the next step would be to compute the log-likelihood function for each
of these. This was done again with the function already implemented by the PGMPY Python
library [Ankan and Textor, 2024].

3.4 Structural modifications

Beyond comparing DAGs within the same MEC, this work also explores how structural
changes, specifically, the alteration of v-structures affect the log-likelihood function. For
this purpose, a method was implemented to deliberately break v-structures, therefore gen-
erating DAGs that belong to a different equivalence class. This can be seen in Algorithm
2
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Input: DAGG, v-structure (C,P1, P2), strategy ∈ {”remove_parent1”,
”remove_parent2”, ”reverse_parent1”, ”reverse_parent2”}

Output: Modified Bayesian NetworkG′

Make a deep copy ofG and call itGmod

Let C ← child, P1 ← first parent, P2 ← second parent
if strategy = ”remove_parent1” and P1 → C exists inGmod then

Remove edge P1 → C fromGmod

else if strategy = ”remove_parent2” and P2 → C exists inGmod then
Remove edge P2 → C fromGmod

else if strategy = ”reverse_parent1” and P1 → C exists inGmod then
Remove edge P1 → C fromGmod

if no path from C to P1 inGmod then
Add edge C → P1 toGmod

end
else

Skip: adding C → P1 would create a cycle
end

else if strategy = ”reverse_parent2” and P2 → C exists inGmod then
Remove edge P2 → C fromGmod

if no path from C to P2 inGmod then
Add edge C → P2 toGmod

end
else

Skip: adding C → P2 would create a cycle
end

else
Print ”Invalid strategy or edge does not exist.”

end
Initialize empty Bayesian NetworkG′

Add all nodes fromG toG′

Add all edges fromGmod toG′

returnG′

Algorithm 2: break_v_structure: Modify a DAG to break a given v-structure
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CHAPTER 4
SOLUTION VALIDATION

4.1 Validation Strategy

In order to validate the proposed hypothesis, a series of controlled experiments were de-
signed to compare log-likelihood values under two conditions: Bayesian Networks whose
structures belong to the same MEC, and Bayesian Networks whose structures belong to dif-
ferent MECs.

The strategy consisted of simulating datasets from a Bayesian network repository provided
by the bnlearn library [Scutari, 2010] and applying structure learning techniques to re-
cover their CPDAGs. From that CPDAG, their DAGs were then enumerated using Algorithm
1. Each DAG was converted into a Bayesian network by estimating its parameters (CPTs)
using Bayesian Estimation and the log-likelihood was computed using the PGMPY library
[Ankan and Textor, 2024]

To explore how structural changes affect the log-likelihood, specific v-structures were mod-
ified (reversed or removed), creating new DAGs from different MECs. These modified DAGs
were also fitted to the same data and evaluated using the same procedure

4.2 Datasets Used

In this study, synthetic datasets were used. This decision was motivated by the need to have
control over the data-generating process. It was crucial to control the number of samples
generated in the dataset, because when using smaller sample sizes, the CPDAG learned from
the data tends to have more uncertainty, leading to more undirected edges. This allows for
more consistent DAGs to be possible instead of the alternative of having a single DAG when
using large sample sizes. The use of synthetic datasets also allowed for more control over
the structural changes induced.

While real-world datasets can add external validity, they introduce noise, unobserved con-
founding, and ambiguities in structure that would confound the specific objectives of this
work. The use of synthetic data is therefore appropriate for isolating and analyzing the be-
havior of the log-likelihood function in a controlled, reproducible setting.

The experiments in this study use data generated from three well-known benchmark
Bayesian Networks: Asia, ALARM, and Hepar2. These networks are not derived from raw
observational datasets, but rather were manually constructed by domain experts to reflect
realistic probabilistic dependencies in specific fields.
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The Asia network [Lauritzen, 1988] is a compact Bayesian model consisting of eight binary
variables related to respiratory diagnosis (e.g., tuberculosis, lung cancer, smoking, and x-ray
results). Despite its simplicity, it captures key properties of probabilistic inference and is
often used for testing structure learning algorithms due to its interpretable structure. It also
allows for fast testing, given that it only has 8 variables.

Figure 8: Asia network. Source: [Scutari, 2010]

The ALARM network [Beinlich et al., 1989] (A Logical Alarm Reduction Mechanism) was de-
veloped to model patient monitoring in an intensive care setting. It consists of 37 variables
and 46 edges, and represents complex causal relationships among physiological states, di-
agnostic indicators, and monitoring instruments. ALARM is widely used in the literature to
evaluate inference techniques and structural learning algorithms on more realistic, moder-
ately sized networks.
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Figure 9: ALARM network. Source: [Scutari, 2010]

The Hepar2 network [Onisko et al., 1998] is a model originally designed for hepatitis. It
consists of 70 variables and 123 edges. This network was manually constructed by do-
main experts to represent relationships between symptoms, test results, and underlying
conditions. Due to its size and realistic medical domain, it is frequently used in the liter-
ature to test the scalability and accuracy of Bayesian Network methods [Jiang et al., 2022,
Sambo and Franzin, 2018, Scutari, 2010].
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Figure 10: Hepar2 network. Source: [Scutari, 2010]

These networks provide diverse topologies and complexities, making them well-suited for
evaluating the behavior of the log-likelihood function under controlled yet realistic condi-
tions.

Figures 8, 9, and 10 show the original, expert designed Bayesian Network structures
[Scutari, 2010]. These are the true DAGs from which the synthetic datasets were gener-
ated. However, the structure learning process applied here does not aim to recover these
exact DAGs. Instead, it estimates a CPDAG which represents an MEC of all DAGs that are
statistically indistinguishable from the data.

The CPDAG often differs from the original data, specially when the sample size is small. This
is expected, as the learning algorithm only uses observational data. More importantly, this
approach is intentional: by working with a CPDAG rather than the original DAGs, it is ensured
that there are multiple DAGs to analyze within each equivalence class, allowing us to study
the behavior of the log-likelihood function across structurally equivalent models.
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4.3 Experiments

4.3.1 Asia Network

As mentioned in Section 4.2, the Asia network has 8 variables. After generating 1000 sam-
ples, the CPDAG obtained is shown in Figure 11. This CPDAG contains one bi-directed edge
and two v-structures, which result in exactly two DAGs consistent with the equivalence class,
shown in Figure 12.

Figure 11: CPDAG obtained for the Asia network. Source: Own elaboration

Figure 12: Two DAGs belonging to the MEC represented by Figure 11. Both DAGs maintain
the same v-structure, but the edge between “bronc” and “smoke” is reversed. Source: Own
elaboration
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After applying Algorithm2 to removeoneparent in each v-structureof the original DAGs, four
additional DAGs were created (Figure 13). These do not belong to the original MEC. Notably,
Modified DAGs 1 and 3 form a newMEC, distinct from the original but shared between them.

Figure 13: Modified DAGs after breaking v-structures. DAGs 1 and 3 belong form a newMEC
different from the original. Source: Own elaboration

After applying parameter estimation, the log-likelihood values were computed for the six
Bayesian networks derived from these DAGs. As shown in Figure 14, the two original
Bayesian Networks, both from the same MEC, yield identical log-likelihoods, while Modified
Bayesian Networks 1 and 3, which belong to a different but shared MEC, also yield identical
values. This supports the hypothesis that log-likelihood is invariant within an MEC and sen-
sitive to structural changes that move the graph out of it. While the Asia network is small,
this initial result justifies further testing on larger networks.
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Figure 14: Log-Likelihood values of all of the Asia DAGs. The yellow line remains invariant
as all the DAGs belong to the original MEC, and the green line shows variations as the DAGs
belong to a different MEC. Source: Own elaboration

4.3.2 ALARM Network

The ALARMnetwork contains 37 variables—a significant increase in complexity over the Asia
network. A dataset of 1000 samples was generated, and the CPDAG learned using the PC
algorithm is shown in Figure 15.

This CPDAG yielded 96 DAGs in its MEC. After altering a v-structure in each DAG (using both
parent reversal strategies), 192 additional DAGs were generated from different MECs, for a
total of 288 DAGs. Their log-likelihood values after converting each DAG to a BN are shown
in Figure 16.

Interestingly, a subset of modified BNs formed a newMEC whose log-likelihood values were
nearly identical to those of the original DAGs (differing by only 1.89). This small difference
shows that two structurally distinct models (i.e., from different MECs) may still explain the
data with almost equal fidelity. This finding illustrates a key challenge in model evaluation:
structural changes may not always be easily distinguishable using likelihood-based methods
alone.
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Figure 15: CPDAG obtained for the ALARM network. Source: Own elaboration

Figure 16: Log-Likelihood values of all of the ALARM DAGs. The yellow line, representing
DAGs from the same MEC, remains the same. The green line, representing the DAGs after
structuralmodifications, show a significant variation in the log-likelihood value. Source: Own
elaboration
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4.3.3 Hepar2 Network

The final network analyzed is Hepar2, which contains 70 variables, making it the largest net-
work used in this study. A dataset of 500 samples was generated. The resulting CPDAG is
presented in Figure 17.

Figure 17: CPDAG obtained for the Hepar2 network. Source: Own elaboration

From this CPDAG, 512 DAGswere enumerated in the originalMEC. After breaking each DAG’s
v-structures, 1024 additional DAGs were created from structurally distinct MECs. In total,
1536 DAGs were analyzed, and their log-likelihood values after converting them to BNs are
shown in Figure 18.
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Figure 18: Log-Likelihood values of all of the Hepar2 DAGs. The yellow line remains invariant
for all DAGs of the same MEC, and the green line shows significant variation after structural
modifications. Source: Own elaboration

As expected, all Bayesian Networks within the original MEC yielded the same log-likelihood
value. The modified Bayesian Networks, on the other hand, showed considerable variation.
This reinforces the hypothesis: MEC membership is a strong predictor of log-likelihood be-
havior. Furthermore, this experiment demonstrates the scalability of the methodology to
more complex networks with dozens of variables.
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CHAPTER 5
CONCLUSION

Thiswork examinedwhether the log-likelihood function remains invariant across all Bayesian
Networks within a MEC, and how it behaves when structural modifications push a network
outside of its equivalence class. Using synthetic datasets derived from the Asia, ALARM, and
Hepar2 networks, the analysis focused on log-likelihood consistency across Bayesian Net-
works in the sameMEC and on quantifying the changes resulting from deliberate alterations
of v-structures.

The findings demonstrate that log-likelihood values remain identical for all Bayesian Net-
works within the same MEC, despite structural differences. This confirms that, from a sta-
tistical standpoint, such models encode the same conditional independence relations and
therefore are equally supported by the data under a likelihood-based evaluation. In con-
trast, the networks that were minimally altered to fall outside the original equivalence class
displayed measurable changes in log-likelihood. This divergence occurs because such struc-
tural modifications introduce new dependencies or eliminate existing ones, altering the joint
probability distribution encoded by the network.

These results confirm that the log-likelihood function can serve as a reliable indicator of sta-
tistical equivalence. Bayesian Networks that belong to the sameMEC not only represent the
same independence assertions but also yield identical likelihood scores when fitted to the
same data. Conversely, structural deviations that push a network outside the class tend to
produce measurable differences in log-likelihood, thus offering a practical way to identify
when models are no longer equivalent.

From a practical perspective, this has important implications for the evaluation of Bayesian
Networks in real-world applications. In domains such as clinical decision making, automated
diagnosis, and risk modeling, the ability to identify and work with MECs, rather than individ-
ual networks, can significantly reduce computational burden and improve the interpretation
of the model. This approach supports more efficient structure learning by allowing practi-
tioners to rely on representative structures without exhaustive enumeration, while also en-
suring that different models are not mistakenly treated as distinct when they are statistically
equivalent.

These insights open new opportunities for the development of scalable structure learning
algorithms and highlight the value of log-likelihood as a diagnostic tool for navigating model
equivalence in data-driven decision-making systems.

However, a key limitation of this study is that the analysis was conducted exclusively on fully
specified Bayesian Networks, that is, a DAG with assigned parameters learned from data.
This said, the findings about the log-likelihood invariance apply only when both the structure
and the conditional probability distributions are available. This restricts the applicability of
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the results in settings where only the DAG structure is available without the parameter esti-
mates. In other words, this approach does not generalize directly to DAGs because is relies
on evaluating full models. While structure alone determines conditional independencies,
it is the combination of structure and parameters that shape the log-likelihood function.
Therefore, while useful for Bayesian Networks, this method cannot currently be used as a
structural test for MEC membership for DAGs.

Future work may include exploring other metrics beyond log-likelihood and integrating this
evaluation approach into existing structure learning pipelines to enable more robust and
scalable causal discovery. Another promising direction for future research involves exploring
whether the observed invariance properties of the log-likelihood function can be extended to
structural analysis alone while perhaps developing a method to computationally generating
the data necessary for parameter estimation. This way the work could be extended to work
with DAGs in general instead of only Bayesian Networks.
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